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—— Abstract

We give a quantifier elimination procedure for one-parametric Presburger arithmetic, the extension
of Presburger arithmetic with the function x — ¢ - x, where ¢ is a fixed free variable ranging over the
integers. This resolves an open problem proposed in [Bogart et al., Discrete Analysis, 2017]. As
conjectured in [Goodrick, Arch. Math. Logic, 2018], quantifier elimination is obtained for the extended
structure featuring all integer division functions x — LﬁJ, one for each integer polynomial f.
Our algorithm works by iteratively eliminating blocks of existential quantifiers. The elimination
of a block builds on two sub-procedures, both running in non-deterministic polynomial time. The
first one is an adaptation of a recently developed and efficient quantifier elimination procedure for
Presburger arithmetic, modified to handle formulae with coefficients over the ring Z[t] of univariate
polynomials. The second is reminiscent of the so-called “base t division method” used by Bogart et al.
As a result, we deduce that the satisfiability problem for the existential fragment of one-parametric
Presburger arithmetic (which encompasses a broad class of non-linear integer programs) is in NP,
and that the smallest solution to a satisfiable formula in this fragment is of polynomial bit size.
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1 Introduction

The first-order theory of the integers Z with addition and order, which is also known as
Presburger arithmetic (PrA) or linear integer arithmetic, has been intensively studied during
almost a century [26]. It is a textbook fact that Presburger arithmetic admits quantifier
elimination when the structure (Z; 0, 1, +, <) is extended with the predicates (d | (*))dez
for divisibilities by fixed integers d: in the theory of this extended structure, for every
quantifier-free formula ¢(z,y) there is a quantifier-free formula ¢ (y) that is equivalent to
3z : (x,y). The construction of 1 is effective, which implies the decidability of Presburger
arithmetic. The algorithm to decide PrA is the canonical example for the notion of quantifier
elimination procedure. The computational complexity of the many variants of this procedure
has a long history, beginning with Oppen’s proof [25] that Cooper’s procedure [12] runs in
triply exponential time, and followed by refinements from Reddy and Loveland [27], and
later Weispfenning [30], which enable handling formulae with fixed quantifier alternations in
doubly exponential time. Recent research on quantifier elimination aims at narrowing the
complexity gap for the existential fragment (only last year it was discovered that quantifier
elimination can be performed in exponential time in this case [11,20]) and on extending
the procedure to handle additional predicates and functions [3,11,22,28], or other forms
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of quantification [4,10,21]. The reader can find an extensive bibliography on Presburger
arithmetic, and quantifier elimination, in the survey papers by Haase [19] and Chistikov [9].
This paper addresses the open problem raised in the papers [6] and [15] regarding the
existence of a quantifier elimination procedure for the theory Th(Z; 0, 1, +, x — ¢ - z, <),
known as one-parametric Presburger arithmetic (PrA[t]). In this theory, the structure of
Presburger arithmetic is extended with the function x — t - z for multiplication by a single
parameter ¢t ranging over Z. Every PrA[t] formula ¢(x) defines a parametric Presburger
family S(¢) == {[¢l}, : k € Z}, where [¢], is the set of (integer) solutions of the Presburger
arithmetic formula obtained from ¢ by replacing the parameter ¢ with the integer k.

» Example 1. Consider the statement “for every two successive positive integers t and ¢t + 1,
and for all integers a and b, there is an integer x in the interval [0,¢(¢t + 1) — 1] that is
congruent to a modulo ¢, and to b modulo ¢ + 1”. The truth of this sentence follows from the
Chinese remainder theorem together with the fact that successive positive integers are always
coprime. We can encode this statement in PrA[¢] with the formula VaVb : x(a,b), where

X =t>1 = Fo: 0<azAe<tP+t—-1AFy:z—a=t-y)ANFz:x—-b=(t+1)-2).

From the validity of the statement, we find [x], = Z? for every k € Z. That is to say, for
every instantiation of ¢, both ¢ and x are tautologies of PrA. <

There are many natural decision problems regarding PrA[t] (all taking a formula ¢ as input):

satisfiability: Is ¢ satisfiable for an instantiation of the parameter (i.e., S(p) # {0})?
ungversality: Is o satisfiable for all instantiations of the parameter (i.e., @ & S(p))?
finiteness: Is ¢ satisfiable for only finitely many instantiations of the parameter t?

In [6], Bogart, Goodrick, and Woods consider a search problem that generalises all the
problems above: they show how to compute, from an input formula ¢, a closed expression
for the function f(k) = #[¢],, where #S stands for the cardinality of a set S. By relying
on properties of this function, one can solve satisfiability, universality, and finiteness. In their
proof, the first ingredient is given by Goodrick’s bounded quantifier elimination procedure [15].
In contrast to the quantifier elimination procedures for PrA, in this procedure every quantified
variable x is not completely eliminated from the formula ¢, but acquires instead a bound
0 <z < f(t), for some univariate polynomial f(t). An example of this is given by the
variable x in Example 1, which is bounded in [0,¢(¢ + 1) — 1]. Closely related bounded
quantifier elimination procedures were also developed in [23,31]. The second ingredient of
the construction is given by a method developed by Chen, Li, and Sam for the study of
parametric polytopes [8], and dubbed “base ¢ division method” in [6]. This method produces
a quantifier-free PrA[t] formula v satisfying #[v], = #[¢], for every k € Z.

The combination of the two ingredients has a drawback: the equivalence of the initial
formula ¢ with the quantifier-free formula v over Z is not preserved. In [6, p. 13], the authors
ask whether this issue can be fixed: “one might try to show that any formula [of PrA[t] ] is
logically equivalent to a quantifier-free formula in a slightly larger language with additional
“well-behaved” function and relation symbols [...] But we already know that quantifier
elimination in the original language [of the structure (Z; 0, 1, +, x — t-x, <) | is impossible,
and finding a reasonable language for quantifier elimination seems difficult”. A candidate for
the extended structure was suggested by Goodrick in [15, Conjecture 2.6]: PrA[t] must be
extended with all integer division functions x — L‘f(’“’—t)lj, one for each integer polynomial f(t)
(these functions are assumed to occur in a formula only under the proviso that f(t) # 0).
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This is a rather tight conjecture, as all added functions are trivially definable in PrA[t]: the
equality y = Lﬁj holds if and only if f(¢t) Z0 A |f(O)] -y <z Az <|f(t)] -y+|f()]
We give a positive answer to Goodrick’s conjecture:

» Theorem 2. One-parametric Presburger arithmetic admits effective quantifier elimination
in the extended structure (Z; 0, 1, +, x — t -z, x — LﬁJ, <).

Above, the adjective “effective” reflects the fact that there is a quantifier elimination
procedure for constructing, given an input formula ¢, an equivalent quantifier-free formula ).
The main contribution towards the proof of Theorem 2 is a procedure for removing bounded
quantifiers while preserving formula equivalence; hence obtaining [+], = [¢], for all k € Z,
instead of the weaker #[v¢], = #[¢], obtained with the “base t division method” from [6].

As mentioned above, an active area of research in quantifier elimination focuses on
existential Presburger arithmetic (3PrA) and its extensions. This interest is motivated, on the
one hand, by the goal of improving both the performance and expressiveness of SMT solvers,
mostly targeting existential theories [2,14]. On the other hand, recent work has revisited
the computational complexity of quantifier elimination procedures. For many years, these
procedures were regarded as inefficient when applied to IPrA. Notably, Weispfenning’s classic
approach [30] yields only a NEXPTIME upper bound for satisfiability, despite fundamental
results from integer programming [7,29] establishing that IPrA is in NP. It was not until
2024 that two independent works [11,20] provided quantifier elimination procedures with
matching NP upper bounds. The approach in [20] builds on the geometric ideas from [29],
while [11] adapts Bareiss’ fraction-free Gaussian elimination procedure [1] to IPrA. Starting
from the fact that Bareiss’ algorithm works in any integral domain, we show that the second
approach extends naturally to PrA[t]. By analysing the runtime of our procedure, we derive:

» Theorem 3. For the class of all existential formulae of PrAlt], the following holds:

Satisfiability Universality Finiteness
NP-complete CONEXP-complete CONP-complete

Our result on the satisfiability problem generalises the feasibility in NP of non-linear integer
programs A -x < b(t), where b(t) is a vector of quotients of integer polynomials in ¢, proved
by Gurari and Ibarra [17]. We remark that both problems are NP-hard in fixed dimension:
solvability of systems > 0Aa-t?> +b-x = c is a well-known NP-complete problem [24].

Future work. This paper does not provide a complexity analysis for full PrA[t]. A back-of-
the-envelope calculation of the runtime of the procedures in [6] and [15] suggests that the
satisfiability problem for PrA[t] is in elementary time (potentially in 3EXPTIME). However,
these procedures do not yield an NP upper bound for the existential fragment. In contrast, the
procedure we introduce shows FPrA[t] in NP, but it may in principle run in non-elementary
time on arbitrary formulae. Unifying these procedures into a single “optimal” one seems
possible and will be addressed in a forthcoming extended version of this paper. This would
also provide an extension to the 3EXPTIME quantifier-elimination procedure for almost linear
arithmetic proposed by Weispfenning in [30].

Most of the literature on PrA[t] focuses on computing the function f(k) = #[¢],, as
introduced in [6]. Not much is known regarding the complexity of computing this function.
To our knowledge, the most significant result in this direction is the one in [5], where Bogart,
Goodrick, Nguyen, and Woods show that f(k) can be computed in polynomial time (in the
bit-length of k given as part of the input) whenever ¢ is a fized PrAJt]-formula. We believe
Theorem 3 to be a good starting point for further research in this direction.
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While our work shows that the feasibility problem for integer programs in which a
single variable occurs non-linearly is in NP, the paper does not discuss related optimisation
problems of minimisation/maximisation. From our quantifier elimination procedure, we can
show that if there are optimal solutions to a linear polynomial with coefficients in Z[t] subject
to a formula in IPrA[t], then one is of polynomial bit size. Generalising this result to other
non-convex objectives is an interesting avenue for future research.

2 Preliminaries

We write N for the non-negative integers, and Z[t] for the set of univariate polynomials
flt)= Z?:o a; - t*, where the coefficients a1, . . ., ag and the constant ag are over the integers Z.
The height h(f), degree deg(f) and bit size (f) of f are defined as h(f) := max{|a;| : i € [0,d]},
deg(f) = max{0,i € [0,d] : a; # 0}, and (f) = (deg(f) + 1) - ([logy(h(f) +1)] + 1),
respectively. For example, f(t) = 2 - t?> — 3 has degree 2, height 3 and bit size 9. Vectors of
variables are denoted by x,y, z, etc.; we write |-] for the floor function.

On extending the structure of PrA[t]. As discussed in Section 1, the paper concerns the
extension of the first-order theory of (Z; 0, 1, 4+, x +— ¢ - &, <) by all integer division functions
T — L‘””le, where f € Z[t]. However, in the context of our quantifier elimination procedure,
it is more natural to work within the (equivalent) first-order theory of the structure:

<Z; 0,1, +,z—t -z {x»—) Lt%J }deN’ {xH(xmodf)}fez[t], {f|x}f€Z[t],:,§>

where:
The integer division = +—> Lt%J is only defined for ¢ # 0, with the obvious interpretation.
The integer remainder function x — (x mod f(t)) is defined following the equivalence

(zmod f(t) =y) <= (f() =0Ay=a)V (f(t) #0Ay =z~ |f(O)]- |7 ])-

We remark that whenever f(t) # 0 the result of (z mod f(¢)) belongs to [0, |f(¢)| — 1].
(Also note that the absolute value function |.| is easily definable in Presburger arithmetic.)
The divisibility relation f(t) | « is a unary relation, and is defined following the equivalence

(f@) [2) <= (f(t) =0Az=0)V(f(t) #O0A (z mod f() = 0)).

We remark that the divisibility relations and integer remainder functions are defined to

satisfy the equivalence f(t) |z <= f(t) | (x mod f(¢)) also when f(¢) evaluates to 0.
For simplicity, we still denote this first-order theory with PrA[t]. Observe that we have
ultimately defined (f(¢) | -) and = — (z mod f(¢)) in terms of z +— Lﬁj As a result,
every formula in this first-order theory can be translated into a formula from the theory
in Theorem 2. This translation can be performed in polynomial time by introducing new
existential quantifiers, or in exponential time without adding quantifiers (the blow-up is only
due to the disjunctions in the definitions of (f(¢) | -) and z — (z mod f(t))).

The terms of PrAlt] are built from the constants 0, 1, integer variables, and the functions
of the structure. Without loss of generality, we restrict ourselves to (finite) terms of the form

T o= folt) + 2oiy filt)-wi + 2,y filt) | & + Zf:mﬂ fi(t)-(ri mod g;(t)), (1)

where all f; and g; belong to Z][t], all d; belong to N, and each 7; is another term of this form.
The term 7 is said to be linear, if f;(t) =0 for i € [n + 1, k] (i.e., it does not contain integer
division, nor integer remainder functions), and non-shifted whenever fo(t) = 0. Above, the
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i

terms L tdiJ and (7; mod g;(t)) are linear occurrences of the integer division functions and
integer remainder functions, and are said to occur linearly in 7. When every f; is an integer

(a degree 0 polynomial), we define 1-norm of 7 as ||7]|; == Zf:o | fil.

Moving to the atomic formulae of the theory, it is easy to see that equalities, inequalities
and divisibility relations can be rewritten (in polynomial time) to be of the form 7 =0, 7 <0
and f(t) | 7, respectively, where 7 is a term of the form given in Equation (1). Syntactically,
we will only work with atomic formulae of these forms, which we call PrAlt] constraints.
However, for readability, we will still sometimes write (in)equalities featuring non-zero terms
on both sides (i.e., 71 < 73), and strict inequalities 7 < 75 and 75 > 71; both are short for
71 — T2 +1 < 0. A PrA[t] constraint is said to be linear if the term 7 featured in it is linear.

We restrict ourselves to formulae in prenex normal form 3V, ... 3x, : ¢ where ¢ is a
positive Boolean combination of PrA[t] constraints; that is, the only Boolean connectives
featured in ¢ are conjunctions A and disjunctions V. This restriction is without loss of
generality, as De Morgan’s laws allow to push all negations at the level of literals, which can
then be removed with the equivalences (7 =0) < 7<0V7 >0, ~(7<0) < 7>0
and ~(f(t) | 7) <= (f(t)=0A(r <0V7T>0))V(r mod f(t) > 0).

For two terms 7, and 7o, we write [72 / 71] for a term substitution. We see these substitu-
tions as functions from terms to terms or from formulae to formulae: 7[rs /7] is the term
obtained by replacing, in the term 7, every occurrence of 71 with 7. Analogously, ¢[ms /7] is
the formula obtained from ¢ by replacing the term 7 with 72 / 71] in every atomic formula
7=0,7<0,o0r f(t) | 7. In Section 4 we will also need a stronger notion of substitution,
called vigorous substitution in [11]; we defer its definition to that section.

3  Outline of the quantifier elimination procedure

In this section, we provide a high-level overview of our quantifier elimination procedure,
highlighting the interactions among its various components. A detailed analysis of the two
main components will be provided in the subsequent sections of the paper.

Let us consider a formula ¥(x¢) = Jx1Ves ... Iz, : (20, ..., x,), where ¢ is a positive
Boolean combination of PrA[t] constraints. Our quantifier elimination procedure will work
under the assumption that the parameter ¢ is greater than or equal to 2. This simplifying
assumption is without loss of generality, as the general problem is then solved as follows:

For every k € {—1,0,1}, call a quantifier elimination procedure for Presburger arithmetic

(e.g., the one in [30]) on the formula [k / t], obtaining }.. Let ¢y == ¢}, A (t = k).

Call our procedure on 9, obtaining a formula ¢*. Let ¢>o = ¢ T At > 2.

Call our procedure on t[—t /t], obtaining ¢~. Let ¢<_o =y~ [t/ At < 2.

Then, the formula 1<_2 V %_1 V 99 V ¥ V 9> is quantifier-free, and equivalent to .

As a second assumption, we only consider the case where 1 has a single block of existential
quantifiers: ¥ (xo) = Jx1 : (a0, x1). A procedure for this type of formulae can be iterated
bottom-up to eliminate arbitrarily many blocks of quantifiers (rewriting V& as ~Jx—).

The pseudocode of our procedure is given in Algorithm 1 (PrA[t]-QE). It describes a non-
deterministic algorithm: for an input 3 : ¢, each non-deterministic execution of PrA[t]-QE
returns a positive Boolean combination of PrA[t] constraints ¢(z). The disjunction obtained
by aggregating all output formulae is equivalent to 3 : ¢; so it is this disjunction that must
ultimately be used to perform quantifier elimination. The choice to present the procedure
in this manner is not merely stylistic: it automatically implements Reddy and Loveland’s
optimisation for Presburger arithmetic [27]. In quantifier elimination procedures for PrA,
eliminating a single variable 2 from an existential block Jy3z produces a formula \/; v; with
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Algorithm 1 PrA[t]-QE: A quantifier elimination procedure for PrAft].

Input: 3z : p(x, z) where ¢ is a positive Boolean combination of PrAlt] constraints.
Output of each branch (3): positive Boolean combination ¢5(z) of PrA[t] constraints.
Ensuring: \/ ;g is equivalent to 3z : .

1: while ¢ contains a subterm of the form hldj do

2: append a fresh variable z to x

3: e ol/ | HZ]IAE -z <T)A (T <th oz +17)

4: Yy J; B+ o > variables and map used to remove occurrences of (- mod f(t))
5. while ¢ contains a subterm of the form (7 mod f(¢)) do

6: if % then > non-deterministic choice: skip or execute
7: w [t /Tmod f(t)] A f(t) =0

8: continue

9: guess £ < symbol in {+, -}

10: append a fresh variable y to y and update B : add the key-value pair (y, =f(t) — 1)

1 e ply/Tmod fFOIA(f(E) | T—y)
12: return ELIMBOUNDED(ELIMDIV(3y < B : BOUNDEDQE(Jx : p(x,y, 2))))

a DNF-like structure. Reddy and Loveland observed that pushing the remaining existential
quantifiers Jy inside the scope of the disjunctions, i.e., rewriting Jy \/, ~; into \/;, Iy, and
then performing quantifier elimination locally to each disjunct leads to a faster procedure.
By keeping variables local to a non-deterministic branch, one achieves the same effect.

We now describe the four components that make up PrA[t]-QE, which can be summarized
under the following titles: pre-processing (lines 1-11), bounded quantifier elimination (call
to BOUNDEDQE), elimination of divisibility constraints (call to ELIMDIV), and elimination of
all bounded quantifiers (call to ELIMBOUNDED). For the rest of the section, let 3 : p(z, 2)
be the input to PrA[t]-QE, where ¢ is a positive Boolean combination of PrA[t] constraints.

Pre-processing (lines 1-11). These lines remove all occurrences of the integer division
functions  + | % | and of the integer remainder functions = — (x mod f(t)), at the expense
of adding new existentially quantified variables that are later eliminated. After this step,
the formula is a positive Boolean combination of linear constraints. For the integer division
function, the algorithm simply adds to the sequence of variables « to be eliminated a fresh
variable x to proxy a term L:ldJ (line 2). Tt then relies on the equivalence x = hldJ =
th.x <7 AT <t (x+1) to replace LtldJ with z (line 3). The removal of integer remainder
functions is performed differently. First, let us observe that the following equivalence holds:

y=(rmod f(t)) < (f() =0Ay=7)V(O<yny <[fO) =1AF@) |7 -y)

The formula f(t) = 0 Ay = 7 on the right-hand side of the equivalence is considered in
line 8. This line is executed conditionally to a non-deterministic branching (line 6). If
it is not executed, then lines 9-11 are executed instead; these correspond to the formula
0<yAy<|f&)|—1Af(t)|7—y. The interesting property of this formula is that the
variable y appears bounded by 0 from below, and by either f(t) — 1 or —f(¢) — 1 from above
(following the sign of f(¢)). Instead of quantifying y using standard existential quantifiers
(as done for the variables replacing | % |), in line 10 we use a bounded quantifier:

» Definition 4. A block of bounded quantifiers Jw < B is given by a sequence of variables
w = (Wi,..., W) and a map B assigning to each variable in w a polynomial in Z[t]. Its
semantics is given by the equivalence Jw < B : 1 <= Jw: A/~ (0 < w; < B(w;)) A .
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Algorithm 2 ELiMD1v: Elimination of divisibility constraints.

Input: Jw < B : ¢(w, z), with 1) positive Boolean combination of linear PrA[t] constraints.
Output of each branch (§): a formula Jwg < Bg : ¥5(wgs, z) in PrAt], where ¢ is a
positive Boolean combination of linear equalities and inequalities, and equalities of the
form o(w) + (7(z) mod f(t)) = 0, with o linear, and 7 linear and non-shifted.
Ensuring: \/;(Jws < Bp : ¢p) is equivalent to Jw < B : 9.
1: foreach divisibility f(¢) | o(w) + 7(z) in v, where 7 is non-shifted do
2: let o(w) be the term fo(t) + >, fi(t) - wi, where w = (w1, ..., wy)
3 de (n+3) max{(f), (fo) (i) - (Blws) i € [1,n]}
4: append a fresh variable y to w and update B : add the key-value pair (y, t9)
5 guess + <« symbol in {+, —}
6 update v : replace (f(¢) | o(w) + 7(z)) with £f(¢) -y + o(w) + (7 mod f(¢)) =0
7: return Jw < B : ¢

Let us write x3,ys, Bg and g for the values taken by =, y, B and ¢ in the non-
deterministic branch 3, when the control flow of the program reaches line 12. The following
equivalence holds, where the disjunction \/ 5 ranges across all non-deterministic branches:

Jz:p(z,2) < V5 Jys < BgIzs : pp(xp, ys, 2). (2)

Bounded quantifier elimination. Once reaching line 12, the algorithm proceeds by calling
the procedure BOUNDEDQE. We will discuss this procedure in Section 4. In a nutshell, its
role is to replace the quantifiers 3z 4 on the right-hand side of Equation (2) with bounded
quantifiers, that are merged with the already existing block of bounded quantifiers Jyg < Bj.
The formal specification of BOUNDEDQE is given in the next lemma.

» Lemma 5. There is a non-deterministic procedure with the following specification:
Input: 3z : p(x, z), with ¢ positive Boolean combination of linear PrAlt] constraints.
Output of each branch (3): a formula 3wg < Bg : ¢Yg(wg, z), where g is a positive

Boolean combination of linear PrAlt] constraints.

The algorithm ensures that the disjunction \/5 Jwg < Bg : Yg of output formulae ranging
over all non-deterministic branches is equivalent to Iz : .

As stated, the lemma above is also proved by Goodrick in [15], who introduced the
first bounded quantifier elimination procedure specifically for PrA[t]. When applied to
existential formulae, that procedure requires doubly-exponential time, making it unsuitable for
establishing Theorem 3. In contrast, BOUNDEDQE runs in non-deterministic polynomial time.
Due to this difference, we cannot rely directly on [15] and must thus re-establish Lemma 5.

Removing divisibility constraints: more bounded quantifiers. BOUNDEDQE introduces
divisibility constraints f(¢) | 7. The next step, detailed in Algorithm 2 (ELIMDIV), eliminates
all divisibility constraints in favour, once more, of bounded quantifiers.

The idea behind Algorithm 2 is as follows. Let f(t) | o(w)+7(2) be a constraint from the
input formula, where w are the variables in the block of bounded quantifiers (these correspond
to the variables yz from Equation (2) and those introduced by BOUNDEDQE), and z are
the free variables. Notice that this constraint is equivalent to f(t) | o(w) + (7(z) mod f(t)),
which is in turn equivalent to the existential formula 3y : f(¢)-y+o(w)+(7(2) mod f(t)) = 0,
where y is a fresh variable ranging over Z. Since w is constrained by bounded quantifiers,
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we can upper-bound the number of digits in the base ¢ encoding of the linear term o(w)
(recall: ¢ > 2). When f(t) # 0, the same applies to (7(z) mod f(t)), which ranges between
0 and f(t) — 1; and this in turn imposes a bound on the base ¢ representation of y. When
f(t) = 0 instead, the truth of f(¢)-y+ o(w)+ (7(z) mod f(t)) = 0 only depends on whether
o(w) + (7(z) mod f(t)) = 0, and we can thus restrict y to any non-empty interval. This
allows us to replace the quantifier Jy with a bounded quantifier (lines 3 and 4). Since y
ranges over Z, whereas bounded quantifiers use non-negative ranges, the algorithm explicitly
guesses the sign of y in line 5, allowing y to only range over N instead. Formalising these
arguments yields the following lemma.

» Lemma 6. Algorithm 2 (ELIMDIV) complies with its specification.

Elimination of all bounded quantifiers. From the output of ELIMDI1v, the final operation
by PrA[t]-QE is a call to ELIMBOUNDED, which removes all bounded quantifiers. This
algorithm is detailed in Section 5. Its specification is given in the next lemma.

» Lemma 7. There is a non-deterministic procedure with the following specification:

Input: Jw < B : p(w,z), with ¢ positive Boolean combination of linear PrA[t] (in)equalities
and constraints o(w) + (7(z) mod f(t)) = 0, with o linear, and T linear and non-shifted.

Output of each branch (f5): a positive Boolean combination ¢¥g(z) of PrA[t] constraints.
In oll divisibility constraints f(t) | T, the divisor f(t) is an integer.

The algorithm ensures that the disjunction VB Yg of output formulae ranging over all non-
deterministic branches is equivalent to 3w < B : .

Together, Equation (2) and Lemmas 5-7 show that PrA[¢]-QE meets its specification; thus
showing Theorem 2 conditionally to the correctness of BOUNDEDQE and ELIMBOUNDED.

4  Efficient bounded quantifier elimination in PrA[¢]

This section outlines the arguments leading to the procedure BOUNDEDQE. Its pseudocode

is given in Algorithm 3, and technical details can be found in Appendix A. We start with

an example demonstrating the key idea used to develop a version of bounded quantifier

elimination in PrA[t]. These arguments are sufficient for establishing Lemma 5; although they

do not result in an optimal procedure complexity-wise. We will then recall the main arguments

used in [11] to obtain an optimal procedure, which, when implemented, yield BOUNDEDQE.
Let us consider a formula 3z : ¢(x, z) where, for simplicity, ¢ is of the form:

T(z)<a-zAb-z<p(z)A(m|c-z+0(z) Aa>0Ab>0Am>0,

where a, b, ¢ and m are polynomials from Z[t], and 7, p and o are linear PrA[t] terms. For
the time being, we invite the reader to pick some values for ¢t and the free variables z, so
that the formula ¢ becomes a formula from Presburger arithmetic in a single variable x. The
standard argument for eliminating x in PrA goes as follows (see, e.g., [30]). We first update
the inequalities to ensure that all coefficients of z are equal; this results in the inequalities
b-t<a-b-zanda-b-x <a-p. The quantification 3z expresses that there is g € Z such that
(i) g is a multiple of a - b that belongs to the interval [b-7,a - p]; and (ii) m divides c- % + 0.
The key observation is that such an integer (if it exists) can be found by only looking at
elements of [b- 7,a - p] that are “close” to b- 7. More precisely, the properties (i) and (ii)
must be simultaneously satisfied by b- 7+ r, for some r € [0,a-b-m]. We can thus restrict
to satisfy an additional constraint @ -b-x =07+ r. A small refinement: since this equality
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is unsatisfiable when the shift » is not a multiple of b > 0, we can rewrite it as a - © = 7 + s,
where the shift s now ranges in [0, a-m]. Observe that s lies in an interval that is independent
of the values picked for z; as a and m were originally polynomials in ¢.

Let us keep assigning a value to the parameter ¢ (so, a and m are still integers), but
reinstate the variables z. From the above argument, the formula 3z : ¢(x, z) is equivalent to
Voels 3z (p(z,z) A a-z =7+ s). It is now straightforward to eliminate z from each disjunct
Jz (p(x,2) A a-x =7+ s): we simply “apply” the equality a - = 7 + s, substituting x

Ti’", and add a divisibility constraint forcing 7 + s to be a multiple of a. After this

for
substitution, both a - =7+ s and 7(2) < a -z become T. The resulting disjunct is

P(s,2) =b-(1+s)<a-pA(m-al|lc(t+s)+a-0)A(a|T+s)ANa>0Ab>0Am>0,

and \/{'3 (s, z) is equivalent to Jz : ¢(x,z). (For PrA, this concludes the quantifier
elimination procedure.) When restoring the parameter ¢, these two formulae are still
equivalent, but the number of disjunctions \/¢_|; now depends on ¢. We replace them with
a bounded quantifier, rewriting \/¢; 1 (s, z) as 3s < B : 9(s, z), where B(s) = a(t) - m(t).
This is, in a nutshell, the bounded quantifier elimination procedure from [15,31].

When the signs of a, b, and m are unknown (i.e., ¢ does not feature the constraints a > 0,
b > 0 and m > 0), we must perform a “sign analysis”: we write a disjunction (or guess) over
all possible signs of the three polynomials. In Algorithm 3, the lines marked in yellow are
related to this analysis; e.g., line 16 guesses the sign of the (non-zero) coefficient a of .

Taming the complexity of the procedure. Problems arise when looking at the complex-
ity of the procedure outlined above. To understand this point, consider the inequality
b-(1+s) <a-p, which was derived by substituting =
T=c-y+7 and p =d-y+ p/, for some variable y. This inequality can be rewritten as
(bc—a-d)-y+b-7"—a-p+b-s <0. When looking at the coefficient (b-c— a - d)
of y one deduces that, if quantifier elimination is performed carelessly on a block Jx of
multiple existential quantifiers, the coefficients of the variables in the formula will grow
quadratically with each eliminated variable. Then, by the end of the procedure, their binary
bit size will be exponential in the number of variables in . However, this explosion can be
avoided by noticing that coefficients are updated following the same pattern as in Bareiss’
polynomial-time Gaussian elimination procedure [1]. This insight was highlighted in [11],
building upon an earlier observation from [31]. In Bareiss’ algorithm, the key to keeping coef-
ficients polynomially bounded is given by the Desnanot—Jacobi identity. Consider an m x d
matrix A. Let us write Aliq,...,4r;J1,...,j¢ for the r x £ sub-matrix of A made of the rows
with indices i1, ..., 4, € [1,m] and columns with indices ji, ..., j, € [1,d]. For 4, j,¢ € N with
0 < /¢ <min(m,d), 1 <i<mand 1< j<d, we define az(? =det A[1,...,£4,4;1,...,4,7].

for z in b-x < p, and suppose

» Proposition 8 (Desnanot—Jacobi identity). For every i,j,¢ € N with £ > 2, £ <i < m and
: -1 -1 -1 -1 2 ¢
< j <d, we have (ag,e ) -al(-vj ) _ aéyj ) ~a2(-’e )) = aé’e ) aEJ)
The Desnanot—Jacobi identity is true for all matrices with entries over an integral domain
(a non-zero commutative ring in which the product of non-zero elements is non-zero), and
therefore we can take the entries of A to be polynomials in Z[t].
Returning to our informal discussion, we now see that the coefficient (b-c —a-d) of y is

oddly similar to the left-hand side of the Desnanot—Jacobi identity. Suppose that the elements
(e=1)
1,3

quantifier elimination procedure, and we are eliminating the /-th quantifier. Proposition 8
tells us that all coefficients produced by the naive elimination (left-hand side of the identity)

a are the coeflicients of the variables in the formula currently being processed by the
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Algorithm 3 BOUNDEDQE: A bounded quantifier elimination procedure for PrAft].

Input: 3z : p(x, z) where ¢ is a positive Boolean combination of linear PrA[t] constraints.

Output of each branch (3): a formula Jwg < Bg : ¥g(wg, z) where 13 is a positive
Boolean combination of linear PrA[¢] constraints.

Ensuring: \/;3wg < Bp : ¢ is equivalent to 3z : .

1: guess Z < subset of {f(t) : the relation (f(¢) | ) occurs in ¢}

2: foreach f(t) in Z do

3 update @ : replace each divisibility f(¢) | 7 with 7 =0

4 A1) =0)

5. guess * « symbol in {—,+} > sign required to make m(t) below positive

6: m(t) < £[J{f(¢) : the relation (f(¢) | -) occurs in ¢}

7. x + (m(t) > 0)

8 (+,4(t) « (+,1); B+ @ > B: map from variables to upper bounds

9: update ¢ : replace each inequality 7 < 0 with 74y = 0, where y is a fresh slack variable

10: foreach z in « do

11: if x then > non-deterministic choice: skip or execute
12: update B : add the key-value pair (z,m(t) — 1)

13: continue

14: guess f(t) -z +7 =0 <« equality in ¢ that contains x

15: p(t) < L(t); L(t) + f(t) > previous and current leading coefficients
16: + < guess a symbol in {—,+} > sign of f(t)

17: X < XA (£f(t) > 0)
18: m(t) < £f(t) - m(¢)

19: if 7 contains a slack variable y such that B(y) is undefined then

20: update B : add the key-value pair (y, m(t) — 1)

2. o< ol /2]

22: update ¢ : divide all constraints by p(t) > both sides for divisibility constraints
2. oA (@) ]7)

24: foreach equality n = 0 of ¢ with a slack variable y such that B(y) is undefined do
25: update ¢ : replace n = 0 with 7[0/y] < 0 if the sign =+ is plus else with n[0/y] >0

26: return Jw < B: ¢ A x where w is the sequence of keys of the map B

have ay—m as a common factor. By dividing through by this common factor, we obtain

smaller coefficients for the next step of variable elimination —namely, al(-? . When eliminating
the first variable (¢ = 1), the common factor is 1. Otherwise, it is the coefficient a that the
(¢ — 1)-th eliminated variable x has in the equality a - = 7 4+ s used for the elimination.
In Algorithm 3, the lines marked in blue implement Bareiss’ optimisation: line 8 initialises

the common factor £(t) and its sign, line 15 updates it, and line 22 performs the division.

Some details on BoundedQE. Lines 1-4 handle the divisibility constraints f(t) | 7 with
the divisor f(t) equal to 0. Such constraints are equalities in disguise, and the procedure
replaces them with 7 = 0. When the procedure reaches line 5, all divisors in the divisibility
constraints are assumed non-zero. Following the example from the previous paragraph, recall
that the shifts s belong to intervals that depend on these divisors; when multiple divisors
occur, the procedure for PrA takes their lem (instead of just m as in our example). For
simplicity, instead of lem, BOUNDEDQE considers the absolute value m(t) of their product
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(line 6). After guessing the sign + of this product, the procedure enforces m(t) > 0 in line 7.

This information is stored in the formula y, which accumulates all sign guesses made by the
algorithm; these are conjoined to ¢ when the procedure returns.

Line 9 replaces all inequalities with equalities by introducing slack variables ranging
over N. (This step is inherited from [11].) Slack variables represent the shifts s from the
quantifier elimination procedure for PrA. Line 12 covers the corner cases of x not appearing
in equalities, or ¢ being such that all the coefficients f(t) of x evaluate to zero. After guessing
an equality f(t) -« + 7 = 0 to perform the substitution (line 14), line 19 checks whether
features a slack variable y (i.e., the equality was originally an inequality). If so, the procedure
generates a bounded quantifier for y. The elimination of = (line 21) is performed with the
vigorous substitution go[[#z) / x]] which works as follows: 1: Replace every equality p = 0
with f(t) - p = 0, and every divisibility g(¢) | p with f(¢) - g(t) | f(¢) - p; this is done also for
constraints where x does not occur. 2: Replace every occurrence of f(t) - z with 7 (from
step 1, each coefficient of = in the system can be factored as f(t) - h(t) for some h € Z[t]).

After applying the vigorous substitution, the procedure divides all coefficients of the
inequalities and divisibility constraints in ¢ by the common factor of the Bareiss’ optimisation
(line 22). In the case of divisibility constraints, divisors are also affected. Proposition 8
ensures that these divisions are all without remainder. In practice, the traditional Euclidean

algorithm for polynomial division can be used to construct the quotient in polynomial time.

As a result of these divisions, throughout the procedure all polynomials f(¢) guessed in
line 14 have polynomial bit sizes in the size of the input formula.

After the foreach loop of line 10 completes, all variables from a have been eliminated
(line 21) or bounded (line 12). A benefit of translating inequalities into equalities in line 9 is
that « can be eliminated independently of the sign of its coefficient f(t); inequalities would
need to flip for f(¢) negative instead. The final step (lines 24 and 25) drops all slack variables
for which no bound was assigned in line 20, reintroducing the inequalities (the sign stored
in £ tells us the direction of these inequalities). This step is also inherited from [11].

By fully developing the arguments above, one shows that BOUNDEDQE is correct:

» Lemma 9. Algorithm 38 (BOUNDEDQE) complies with its specification.

This lemma implies Lemma 5. In the sequel we will also need the next lemma, discussing
properties of the outputs of BOUNDEDQE for “Presburger-arithmetic-like” inputs.

» Lemma 10. Let 3z : o(x, z) be a formula input of Algorithm 3, in which all coefficients
of the variables in x, and all divisors f(t) in relations (f(t) | -), are integers. The map Bg
in the output of each non-deterministic branch B ranges over the integers.

5 Elimination of polynomially bounded quantifiers

We move to Algorithm 4 (ELIMBOUNDED), which eliminates the bounded quantifiers in three
steps: replacement of bounded variables by their t-ary expansions;  divisions by ¢” until

all ¢-digits have integer coeflicients; elimination of ¢-digits via BOUNDEDQE.

Base ¢ expansion (lines 1-6). Following the semantics of bounded quantifiers, line 1 adds
to ¢ the bounds 0 < w A w < B(w), for each bounded variable w. The subsequent lines “bit
blast” w into its t-ary expansion t* - yy; 4 -+t - y; + 4o, where M is the largest bit size of
the bounds in B (line 2). All added variables y are t-digits, i.e., they range in [0, — 1].

11
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Algorithm 4 ELIMBOUNDED: Elimination of polynomially bounded quantifiers.

Input: Jw < B : p(w, z), with ¢ positive Boolean combination of linear PrA[t] (in)equalities,
and constraints o(w) 4 (7(z) mod f(¢)) = 0, with ¢ linear, and 7 linear and non-shifted.

Output of each branch (3): a positive Boolean combination 1(z) of PrA[t] constraints.

Ensuring: \/ﬁ Y is equivalent to Jw < B : .

L @9 oA Npew0 <w) A (w < B(w))

2: M + max{(B(w)) : we€ w}

3 Y+ o >y is a vector of variables used to “bit blast” bounded variables

4: foreach w in w do

5: append fresh variables yo,...,ynm to y

6 ety bt o) Jwl A AL (0 S i) Ay < - 1)

7: while a variable from y has a non-integer coefficient in a constraint (n ~ 0) of ¢ do

8

9

if the symbol ~ is < then n +n—1 > we work with n —1 < 0; else ~ is =
let n be (o(y) -t + p(y) + 7(2)), where p does not contain ¢, and 7 is non-shifted
10: p < p(y) + (7(2) mod ¢) > add to p the unbounded part modulo t
11: guess 1 < integer in [—||p||1, [|lpll1] > quotient of the division of p by t
12: if the symbol ~ is = then
13: Y (t-r=p)
14: else
15: Y (tr<pn(pst-(r+1)-1)
16: rr+1

17: update ¢ : replace (n ~ 0) with y A (o + 7+ [Z] ~0)

18: 2/ + @; S+ & > 2z are used to rewrite ¢ as a combination of linear constraints
19: foreach constraint (p(y) + 7(2) ~ 0) of ¢, where 7 is non-shifted do

20: append a fresh variable 2’ to 2’ and update S : add the key-value pair (2, 7(2))

21: w2 /T(2)]
22: Jw’ < B':¢(w’',z") «+ BOUNDEDQE(y, p(y, z'))

23: foreach w in w’ do > now every B'(w) is an integer
24: guess g «+ integer in [0, B’ (w)]
25 < ylg/w]

26: return ¢[[S(z') /7] : 2" € 2]

» Example 11. Let us see this step in action on a bounded version of the formula in Example 1:
I(z,y,2) <B : (t-y=a+(—amod t)) A ((t+1)-z=2az+ (=bmod t + 1)),

where B(x) =2+t —1, and B(y) = B(z) =t + 2. By “bit blasting” the bounded variables
into t-digits @ = (xo, z1,22), ¥ = (Yo, ¥y1,Y2), and z = (2o, 21, 22), we obtain the formula

: < (wy - £ - < < w; )
Jx,y, 2z /\we{w’y)z} (Of(wg t“ 4wy t—l—wo)7B(w)/\/\ie{0)172}07w1<t
At-(yg-t* +yr-t+yo) = (w2 -t* + 21 -t +20) + (—a mod t)
AN+1) (29t +21-t+20) = (xo-t2 + 21 -t +20) + (~bmod t + 1). <

» Lemma 12. Let pu(y, z) be the formula obtained from ¢ by performing lines 1-6 of
Algorithm 4. Then, the input formula Fw < B : o(w, z) is equivalent to Iy : vz (y, z2) and
every (t-digit) variable in y has only linear occurrences in pg.



A. Mansutti and M. Starchak

The coefficients of the t-digits become integers (lines 7-17). This step is defined by the
while loop of line 7, whose goal is to transform the formula ¢4 into an equivalent positive
Boolean combination of equalities and inequalities in which all coefficients of y are integers.

» Example 13. Before delving into the details, let us illustrate the transformation on the
equality (t+1)- (22 12421 -t +29) = (22t + 1 -t +20) + (—bmod t + 1) from Example 11.
Grouping terms according to powers of ¢, we obtain:

—zg 3 4 (w9 — 21 — 20) 12+ (21 — 20 — 21) -t + (20 — 20) + (b mod t + 1) = 0.

We symbolically perform a division with remainder on the sub-term (—b mod ¢+ 1) concerning
the free variables, rewriting it as | =2mod L | ¢ 4 ((—bmod ¢ + 1) mod ¢). In the resulting
equality, we notice that (xg — zo) + ((—b mod ¢ + 1) mod ¢) must be divisible by ¢. Since both
xo and zq belong to [0,t — 1], only two multiples of ¢ are possible: 0 and ¢. Consider the latter
case: we can rewrite the equality as the conjunction of ¢ = (zg — z0) + ((—b mod ¢ + 1) mod )
and —2o -3 + (2 — 21 — 20) 12+ (x1 — 20 — 21) - t + LMJ -t+t=0. By dividing the
second equality by ¢, the variables xg, x1 and zy end up appearing with integer coefficients
only. Repeating this process guarantees that all quantified variables satisfy this property:
the second iteration “frees” x5 and z1, and the third iteration handles the variable z5. <«

The while loop guesses some integers in line 11. Let R; be the (finite) set of all sequences s
of guesses from the first ¢ iterations of the loop (so, s has length 4), and let p5 be the unique
formula obtained from ¢4 after iterating the loop ¢ times, using s as the sequence of guesses.
(The subscript @ corresponds to the empty sequence of guesses; the only element in Ry.)

Together with proving that the while loop preserves formula equivalence (across non-
deterministic branches), the critical parameter to track during the execution of the loop is
the degrees of all coefficients of the ¢-digits y. Showing that this parameter reaches 0 implies
loop termination, and correctness of this step of the procedure. More formally, we inductively
define the y-degree deg(y, ) of a positive Boolean combination of PrA[t] constraints ¢(y, z),
where the variables y = (y1, ..., y¢) occur only linearly, as follows (below, ~ € {<,=}):

deg(y, ) = max{deg(f;) :7 € [1,4]} if ¢ is an (in)equality Zle filt)-yi+7(z) ~0;
deg(y, ) = deg(y, p1) + deg(y, p2) if ¢ is either (¢1 A @2) or (o1 V p2).

Then, the defining property of the while loop of line 7 can be stated as follows:

» Lemma 14. Consider s € R; with deg(y, ps) > 0, and the set G := {sr € R;41 :r € Z}.
Then, (i) @s is equivalent to \/,.c or, and (ii) deg(y, ps) > deg(y, ) for every r € G.

Proof sketch. The while loop considers an (in)equality 7 ~ 0 from ¢, (line 7); inequalities
are transformed into strict inequalities 7 — 1 < 0 in line 8, as in this case the latter are easier
to work with. Line 9 represents the term of the (in)equality as o(y) - t + p(y) + 7(z), where
o is linear, p is a linear term with coefficients in Z, and 7(z) is non-shifted.

» Remark. Observe that line 17 will later replace n ~ 0 with o + 7 4 | 7| ~ 0. If the latter
(in)equality is considered again by the while loop at a later iteration, this replacement

5]

will produce the term L :
implicitly perform this rewriting, so that the term above can in fact be written as

J, which can be rewritten as Lt%J We assume the algorithm to

o(y)-t+ply) + LTt(f)J, where k > 0, such that | % | == 7. (3)

13
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Let us define y’ = o(y) + L:k(f” and p’ = p(y) + (LTff)J mod t), so that the term in Equa-
tion (3) is then equal to i’ -t + p’. (Note: p’ is exactly the term in line 10.) We are now ready
to perform the symbolic division by ¢. Indeed, since all variables in y, as well as the term
(Vt(,f)J mod t), belong to [0, — 1], we conclude that p’ € [—t- N,t- N] where N := |p/|.
Line 11 guesses an integer r from the segment [—N, N|, which stands for the quotient of the
division of p’ by ¢. Each guess corresponds to a disjunct from the following two equivalences:

nt+p =0 <= \/7{\[:7]\,( n+r=0 AN r-t=p )

/ / N ’ ’ /

nt+p <0 <= V,__y( 7/+r+1<0 AN tr<p Ap<t-(r+1) ).
quotient of the division formula v in the pseudocode

These equivalences “perform” the symbolic division by ¢. In line 17, the algorithm substitutes
the constraint 1 ~ 0 with the result of the division, that is, the conjunction of the quotient

and the remaining part that is stored the formula v (lines 12-16). Observe a key property
of y: in it, all the coefficients of the t-digits y only have integer coeflicients, i.e., deg(y,~y) = 0.

Let x, be the formula obtained from ¢ by performing the replacement in line 17. This for-
mula belongs to R;11 and, moreover, ¢, <= \/T],\;N Xr- We have G = {sr:r € [-N, N|},
and Item (i) is proved. To prove Item (ii), observe that

deg(y, x») = deg(y, @) — deg(y,n ~ 0) + deg(y,n" ~ 0) + deg(y, )
= deg(y, ps) — deg(y,o -t ~0) + deg(y,o ~ 0) = deg(y, ps) — 1. <

Elimination of t-digits (lines 18-26). By inductively applying Lemma 14, we deduce that
the while loop performs at most deg(y, ¢g) iterations, and that the disjunction (over all
non-deterministic branches) of formulae ¢, obtained at the end of this loop is equivalent
to pz. The constraints in each ¢, are (in)equalities f(t) + 7(2) + Ele a; - y; ~ 0, where
a1,...,a¢ €7Z, f € Z[t], all yy,...,y, are t-digits, and 7 is a non-shifted term of PrA[t].

The last step is to remove the t-digits y by appealing to BOUNDEDQE (line 22). Recall
that this algorithm requires all PrA[t] constraints in the input to be linear, while terms 7(z)
in ¢, may contain (nested) occurrences of the functions | ;7| and (- mod f(t)). In order to
respect this specification, ELIMBOUNDED first replaces each non-shifted term 7(z) in ¢,
with a fresh variable 2/, storing the substitution [7(z)/z] in the map S (line 20). These
terms are restored at the end of the procedure (line 26). Since the variables 2z’ occur free
in the formula in input to BOUNDEDQE, and this procedure preserves formula equivalence
(Lemma 9), the overall process remains sound.

The formula in input of BOUNDEDQE has no divisibility constraints, and the eliminated
variables y have integer coefficients. By Lemma 10 the output of each non-deterministic
branch is a formula Jw’ < B’ : ¢(w’, 2") where, for every variable w in w’, the bound B’(w) is
an integer. We can thus replace w with a (guessed) integer g € [0, B'(w)] (lines 23-25). After
restoring the terms stored in S, the resulting formula is quantifier-free and the disjunction
over all outputs of ELIMBOUNDED is equivalent to the input formula.

» Lemma 15. Algorithm / (ELIMBOUNDED) complies with its specification.

This lemma implies Lemma 7, which was the last missing piece required to complete the
proof of Theorem 2. To simplify the complexity arguments in the next section, we make use
of the two observations in the following lemma, concerning the output of ELIMBOUNDED.

» Lemma 16. In every output of ELIMBOUNDED, all functions |7z | and (- mod f(t)) are
applied to non-shifted terms. In divisibility relations (f(t) | -), the divisor f(t) is an integer.
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6 Solving satisfiability, universality and finiteness

Now that we have established that PrA[t] admits quantifier elimination, let us discuss the
decision problems of satisfiability, universality and finiteness defined in Section 1. Without
loss of generality, we add to the formula ¢ in input to these problems a prefix of existential
quantifiers over all its free variables; thus assuming that ¢ is a sentence.

Applying our quantifier elimination procedure to the sentence ¢ results in a variable-free
formula ¢ whose truth only depends on the value taken by the parameter ¢. Furthermore,
from Lemma 16, all occurrences of the functions | 77| and (- mod f(t)) are applied to the
constant 0 (the only variable-free non-shifted term) and can thus be replaced with 0; and all
divisibility relations (f(¢) | -) are such that f(¢) is an integer. That is to say, ¢ is a positive
Boolean combination of univariate polynomial inequalities g(t) < 0, equalities g(¢) = 0 and
divisibility constraints d | g(t), where g € Z[t] and d € Z.

We study the solutions to such a univariate formula (t). First, recall that computing
the set of all integer roots of a polynomial in Z[t] can be done in polynomial time:

» Theorem 17 ([13, Theorem 1]). There is a polynomial time algorithm that returns the set
of integer roots of an input polynomial f € Z[t].

This theorem implies that the every integer root of f € Z[t] has bit size polynomial in (f). Let
r1 < --- < r, be the roots of all the polynomials occurring in (in)equalities of 1. These roots
partition Z in 2n + 1 regions (—oo,r1 — 1], {r1},[r1 + 1,70 — 1], {ra}, .. ., {rn}, [rn + 1, 00).
The truth of all (in)equalities in ¥ remains invariant for integers within the same region.
Furthermore, the solutions to the divisibility constraints in i are periodic with period
p:=lem{d: (d]|-) occurs in ¢} > 0, i.e., setting ¢t = b satisfies the same divisibility con-
straints as t = b+ p, for every integer b. Then, a solution to ¢ (if it exists) can be found
in the interval [r; — p, 7, + p]. Moreover, v has infinitely many solutions if and only if one
solution lies in intervals [r; — p,ry — 1] or [r, + 1,7, + p]. To recap:

» Lemma 18. Let ¥ be a positive Boolean combination of polynomial inequalities g < 0,

equalities g = 0 and divisibility constraints d | g, where g € Z[t] and d € Z. Then,

1. If vy has a solution, then it has one of bit size polynomial in the size of 1.

2. If ¥ has a polynomial bit size solution that is either larger or smaller than all roots of the
polynomials in (in)equalities of v, then i has infinitely many solutions, and vice versa.

The complexity of the existential fragment. Lemma 18 implies decidability of all the
decision problems of satisfiability, universality and finiteness. We now analyse their complexity
for the existential fragment of PrAJt], establishing Theorem 3. For simplicity of the exposition,
we keep assuming ¢ > 2. Our reasoning can be extended in a straightforward way to all
t € Z, following the discussion given at the beginning of Section 3.

First and foremost, we study the complexity of our quantifier elimination procedure.

» Lemma 19. Algorithm 1 (PRA[t]-QE) runs in non-deterministic polynomial time.

Proof idea. For the proof we track the evolution of the following parameters as Algorithm 1
executes, where ¢ is a formula, and B is a map used for the bounded quantification:
atom(p) := (number of occurrences of atomic formulae in ¢),
vars(y) == (number of variables in ¢),
Junc(yp) == (number of occurrences of |7z | and (- mod f(¢)) in an atomic formula of ¢),
(const)(p) = max{(f) : f € Z[t] occurs in ¢},
(B) = max{0, (B(w)) : w is in the domain of B}.

15
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. Y
For example, for the formula v := (g | f1 -z + LMJ + f5), we have atom(y) =1,

vars(7y) = 2, func(vy) = 2 (two occurrences of |;]), (const)(v) = max{(g), (f1),....(f5), (t)}.
The bit size of ¢ is polynomial in the values of these parameters.

We prove (in Appendices A.3, B.4, and C) that throughout the procedure each of these
parameters remain polynomially bounded with respect to all the parameters of the input
formula. For instance, during the first two steps of ELIMBOUNDED, the number of variables
in the manipulated formulae (¢ and ) increases at most polynomially in (B), due to the
bit blasting of the bounded variables. However, by the end of the procedure, it reduces to
the number of free variables —as expected by a quantifier elimination procedure.

While tedious, this proof is not dissimilar to the other complexity analyses of quantifier
elimination procedures for PrA; see, e.g., [30]. Once the evolution of the parameters is known,
it is simple to show that Algorithm 1 runs in non-deterministic polynomial time. |

Using this lemma, we can now obtain our results on the decision problems for existential
formulae of PrA[t].

Proof of Theorem 3. Satisfiability. By Lemma 19 and Lemma 18.1, if the input sentence
v = Jx : p(x) is satisfiable (equivalently, valid), then [v], # 0 for some k of bit size
polynomial in the size of . Observe that replacing ¢ for k in ~ yields an existential
sentence of Presburger arithmetic of size polynomial in the size of . Checking satisfiability
for IPrA is a well-known NP-complete problem [29]. We conclude that the satisfiability
problem for existential formulae of PrA[t] is also NP-complete.

Universality. By Lemma 19, Algorithm 1 can be implemented by a deterministic exponential

time Turing machine T given an input sentence «y, T" computes an equivalent disjunc-
tion ¢ =/ 5 ¥p of exponentially many polynomial-size formulae ¢3. By Lemma 16,
each 1g is a positive Boolean combination of (in)equalities g(t) ~ 0 and divisibility con-
straints d | g(t), with g € Z[t] and d € N\ {0}. From Theorem 17, all roots 1, < -+ <1y
of polynomials in (in)equalities of 1 are of bit size polynomial in the size of 7. However,
the period p := lem{d : (d | -) occurs in ¥} may be of exponential bit size.
As a certificate asserting that v is a negative instance, we can take v, the sequence of
configurations reached by T' when computing ¢ from ~y, and a number k € [r1 — p,r,, + p|.
The certificate is verified in polynomial time (in its size) by checking that the sequence of
configurations is a valid run of 7' computing 1 from ~, and that & is not a solution to ¥ (t).
Since the certificate has exponential size, universality is in CONEXP. (CONExp-hardness
follows from the CONEXP-hardness of the V3* fragment of PrA [16,18].)

Finiteness. Equivalently, we show that the problem of checking whether a sentence -y is sat-
isfiable for infinitely many instantiations of ¢ is NP-complete. The proof of NP-hardness
is trivial: for sentences without ¢, this problem is equivalent to the satisfiability problem
for 3PrA. For the NP membership, let us consider the formula \/ 5 ¥ computed from an
input sentence « via Algorithm 1. If ~y is satisfied by infinitely many values of ¢, then
the same holds for least one of the formulae 3. By Lemma 18.2, 93 has infinitely many
solutions if and only if it has a solution k of bit size polynomial in the size of v, such that &k
is either larger or smaller than all roots of polynomials appearing in (in)equalities of 3.
Then, as a certificate asserting that « has infinitely many solutions we can provide 3,
the sequence of non-deterministic guesses made by Algorithm 1 to compute g from 7,
and the value k. This certificate can be verified in polynomial time: first, run Algorithm 1
using the provided sequence of guesses, and check that the output is 1g. Then, compute
(in polynomial time) all roots of the polynomials appearing in the (in)equalities of g,
and verify that £ is a solution to g that is either larger or smaller than all of them. <«
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A Extended material for Section 4

The core of the arguments required for the correctness and complexity of BOUNDEDQE stems
directly from Appendix B in the full version of [11]. (The key being that the arguments
in that appendix work on any integral domain, not only the integers.) Throughout the
appendix, let 3@ : p(x, z) be the formula in input of BOUNDEDQE, where ¢ is a positive
Boolean combination of linear PrA[t] constraints, € = (z1,...,2y,) and z = (Tp41,...,Zg).

A.1 How coefficients evolve throughout the procedure

We start by studying the evolution of the coefficients in the formula ¢ throughout the
procedure. For simplicity, fix a non-deterministic branch § of the algorithm, and let
Jwp < Bgs : Pg(wg, z) be its output. Observe that the branch g can be identified by
at most 3n 4 2 guesses:

The guess of a set Z C {f(t) : the relation (f(¢) | -) occurs in ¢} (line 1).

The guess of a sign + among — or + (line 5).

For every i € [0,n — 1], consider the (i + 1)th iteration of the foreach loop of line 10.

This loop performs one guess in line 13, followed (if the execution reaches line 14) by
two guesses: one for the equality f;(¢) - 2,11 + 7 = 0 (line 14), and one for the sign +;1
among — and + (line 16).

We can thus represent 3 pictorially as follows:

7+ s
@ &), (0, mo, Lo, 0, Bo, x0) — (p1,m1,41, %1, B1,x1) — - ..

On—1

L (QpnaXnamnygnainaBn7Xn) — 7/}/3-

Here, each §; is T if the (i + 1)th iteration of the foreach loop executes the continue
statement of line 13, and otherwise it is the pair (f;(t) - 2;41 + 7 = 0, +;41). The tuple
(0, mo, Lo, T0, X0, Bo) refers to the state of the program after the execution of line 9 —hence
after inserting the slack variables. In particular:
o is the formula ¢ before the first iteration of the foreach loop of line 10.
mo(t) is the polynomial m(t) constructed in line 6.
£o(t) is the polynomial £(¢) initialized as 1 in line 8. Following the discussion in Section 4,
is the current “common factor” implementing the optimization of Bareiss’s algorithm.
+¢ is the sign +, i.e., the value of the “sign variable” + from line 8. Throughout the
procedure this variable matches the sign of the polynomial £(t).

By is the empty map (line 8). Recall that B is the map used for the bounded quantifiers.

Xo is the formula m(t) > 0 defined in line 7. As explained in Section 4, x contains all
signs guessed by the algorithm.
For every i € [1,n], the tuple (y;, m;, £;, £;, B, x;) contains (in order) the formula ¢, the
polynomial m(t), the polynomial ¢(t), the value of the variable 4, the map B, and the
formula x, that are obtained just after the ith iteration of the body of the foreach loop of
line 10. Some observations:
If 6; = (fi(t) - xip1 + 7 = 0, £441), then ;11 (t) is the polynomial f;(¢) (see line 15), and
(£441fi(t)) > 0 is one of the conjuncts in x;+1 (see line 17).
If (51',1 = T, then (gpi,mi,fi,ii7xz') = (@ifl,mi,hgi,h:tifl,xi+1)7 that iS, only the
map B is updated.

Below, let y = (y1,-..,y:) be the slack variables added in line 9. For simplicity, we work
under the following assumption:
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(*) The variables z1,...,x, are rearranged in such a way that the J; that are equal to T
all follow those of the form (f;(¢) - ;41 + 7 =0, ;). That is to say, we assume that,
for some ¢ € [0,n], the continue statement of line 13 is only executed in the last n — ¢
iterations of the foreach loop of line 10.

Since for the moment we are only interested in how the formula ¢ is updated during the proced-

ure, and (Sifl =T implies that ((pi, m; (t), gi(t), ii, Xi) = (g@ifl, mifl(t>, fifl(t), iifl, Xl‘,l),

the assumption (x) is without loss of generality. Therefore, §; = (f;(t) - z;41 + 7 =0, %)

for every i € [0,¢ — 1], and ¢4 = @q41 = -+ = @,. Observe also that, then, the variables
x1,...,T, are eliminated via substitution in line 21 (opportunely bounding a slack variable

if necessary, see line 19), whereas variables 441, ..., z, will be bounded in line 12.
Suppose that ¢g has e equalities and d divisibility constraints. Our aim is to associate to

each formula ¢; among o, ..., ¢, a matrix M; with entries in Z[t]. Intuitively, M; will be

storing all the atomic formulae of ¢; (with repetitions) in some specific order. First, let us

note some straightforward observations on the updates performed in lines 21-22:

1. For every equality f(t) -z + 7 = 0 the equality (f(t) -z +7 = O)[[ﬁ; /]l is (0 =0).

2. There is a one-to-one mapping between the equalities and divisibility constraints in ¢ and
those in @[[ﬁ / z]] (i-e., the substitutions are applied locally to each atomic formula).

3. The divisions performed in line 22 preserves the one-to-one mapping of the substitutions
(they are also applied locally to each atomic formula).

Because of these properties, we can fix an enumeration

(,01 = O), cees (pe = 0)7 (he+1(t) | pe+1)a sy (he-l—d(t) | pe+d)7 (4)

of all the atomic formulae of ¢y. The last d elements of the enumeration correspond to the
divisibility constraints in ¢y, in any order. The first e elements of the enumeration correspond
to the equalities in g, picked in such a way that, for every i € [1, k], p; = 0 is in one-to-one
correspondence with the equality f;_1(¢) - x; + 7_1 = 0 from ¢;_; that is guessed in line 14.
In other words, executing the following program on p; = 0 yields f;_1(t) - x; + 7_1 = 0:
for j from 1 toi— 1 do

apply [[555 / %51l to pi =0

divide p; = 0 by the common factor ¢;_1(¢).
In particular, p; = 0 is equal to fo(t) 21+ 70 = 0. We denote the enumeration in Equation (4)
by E(®), and write EJ(-O) for its jth entry (j € [1,e + d]).

Starting from the enumeration in Equation (4), we build enumerations EW . E@ for
all the constraints in 1, ..., ¢q, perhaps excluding some trivial equalities 0 = 0. Let us first
explicitly derive E() as an example. An enumeration for the atomic formulae of ¢; can be
obtained by applying to each element of the enumeration in Equation (4) the substitution
[[JTO—(TE) / x1]] (in general we also need to divide by the common factor ¢;_1(t), but for i =1
we have £y(t) = 1), except that the resulting enumeration misses the divisibility fo(t) | 70

added in line 23. However, from Item 1 above we know that (p; = O)Hf_T(TtO) / x1]] is equal
to (0 = 0). Hence, instead of adding a constraint to the enumeration, let us simply replace
p1 =0 with fo(t) | 70. (This makes perfect sense in relation with Gaussian Elimination: we
are using p; = 0 to remove x; from all other constraint; except for p; = 0 itself which we
recast in terms of the divisibility fo(t) | 70.) The enumeration for ¢y is then

(fo(0) | 70), B [[57% /aall, - BED70s / 1))

In general, for i € [1,q], let EC~1) = (Ey_l), . .,E((;:dl)) be the enumeration associated

to ;1. The enumeration E(®) = (EY)7 .. ,Eéi)d) associated to ¢; is given by the program:
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for j from 1 to e + d, except for j =1 do
B « B V55 /)]
divide B\ by £;_4(t)
ED  (fia(t) | 7im1)
The following properties follows from the definition of E(*) and the updates done in lines 21-23:
4. Every constraint from ¢;, except for trivial constraints 0 = 0, occur in E®).
5. Each constraint in E®) occurs in ¢;.

(Therefore, E( only features variables from x; 1, ... ,zg and y.)
6. The first i entries of F(), as well as the last d entries, are divisibility constraints. All
remaining entries are equalities.

We now move from the “enumeration view” of the constraints in ¢y, ..., ¢, to a “matrix
view” from which we will be able to directly appeal to the results in [11]. For i € [0, ], we
associate to ; the matrix M; = [Gi | A; | e | Si | Di] (with entries over Z[t]), where

G; is a (e +d) x i (rectangular) diagonal matrix having in position (j,7) € [1,4] x [1,4]

the divisor of the divisibility constraint E](Z)

Ajis a (e +d) x (g — i) matrix. For every j € [1,e +d] and k € [1,g — i, the entry of A;

in position (j, k) is the coefficient of the variable x;j in the constraint EJ(-Z).

¢; is a (e + d) column vector. For every j € [1,e 4 d], the jth entry of ¢; correspond to

the constant (i.e., the element in Z[¢] that does not appear as a coefficient of any variable)

of the term in the constraint EJ(-Z). This term is 7 for divisibility constraints h(t) | 7.

S is a (e +d) x r matrix. For every j € [1,e+d] and k € [1,7], the entry of .S; in position

(J, k) is the coeflicient of the slack variable y; in the constraint Ejl).

D; is a (e + d) x d matrix. Its first e rows are all zero. The last d rows form a diagonal

matrix: the entry in position (e + j,j) with j € [1,d] is the divisor of the divisibility

constraint Eé?j
The matrices My, ..., M, are just another way of encoding the constraints in the enumerations
E© . E@. The key observation from [11] is that My, ..., M, also corresponds to the se-
quence of matrices obtained by performing Bareiss algorithm on the first ¢ columns of the mat-

rix, diagonalizing them (equivalently, removing 1, ..., x,). Following [1], [11, Appendix B]
characterizes the entries of My, ..., M, from the entries of M. This in turn characterizes all
polynomials in Z[t] occurring in the formulae ¢1,. .., ¢4

» Proposition 20 ([11, Appendix B]). For every i € [1,q], the matriz M; satisfies:

I. For every row j € [1,i] and column k € [1,g+ 1+ r +d], the entry in position (j, k) of
M; is equal to the determinant of the matriz Mo[1,...,4; 1,...,5 — L k,j+1,...,i].
(Hence, G; is a diagonal matriz whose non-zero entries are all det(Mo[1,...,4;1,...,1]).)

Il. For rowj € [i+1,e+d] and column k € [1,i], the entry in position (j, k) of M; is 0.

Il. For every row j € [i+1,e+d] and column k € [i+1,g9+1+r+d], the entry in position
(4, k) of M; is equal to the determinant of the matriz My[1,...,4,7; 1,...,1,k].

Moreover:

IV. The coefficient f;(t) of xiy1 in the equality guessed in line 14 during the (i + 1)th
iteration of the foreach loop of line 10 is det(My[1,...,i+ 1;1,...,i+ 1]).

V. The factor used for the division of line 22 during the (i+1)th iteration of the foreach loop
of line 10 is f;_1(t) (postulating f_1(t) :=1). These divisions are without remainder.

Where to find the proof. Item (a) and Item (b) in Lemma 9 of the full version of [11] imply
Item III, Ttem IV, and the fact that factor used for the division of line 22 during the (i + 1)th
iteration of the foreach loop of line 10 is f;_1(¢). The proofs of Item (a) and Item (b)
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follow [1], which iteratively uses the Desnanot—Jacobi identity. Lemma 9 also shows that the
divisions are all without remainder for all constraints in the formulae ¢y, ..., ¢, except for
the divisibility constraints added in line 23 (see Item (c) of Lemma 9). Under the assumption
that the divisibilities performed in line 22 are also without remainder for the added divisibility
constraints, Item (a) from Lemma 14 of [11] establishes Item I. The assumption is ultimately
discharged in Lemma 15 of [11]: all divisions performed in line 23 are without remainder
(which completes the proof of Item V). Lastly, Item II follows directly from the definition
of G;, which is a (e + d) x ¢ diagonal matrix.

A note: for the most part, it is straightforward to see that the aforementioned lemmas
in [11, Appendix B] work on any integral domain (a non-zero commutative ring in which
the product of non-zero elements is non-zero). The only non-trivial step is given in the
proof of [11, Lemma 14]. There, the proof requires taking an inverse N1 of some integer
matrix N with non-zero determinant. Recall that a matrix is invertible over the integers only
if the determinant is +1. However, because we only know det N # 0, this step of the proof
considers matrices over the rationals Q instead, so that N~! is guaranteed to exist. (This is
not a problem, because in any case the proof of [11, Lemma 14] then continues by showing
that the entries of M; are indeed the ring elements given in the statement of Proposition 20.)
For an arbitrary integral domain (such as Z[t]), instead of Q we can use its field of fractions,
that is the smallest field in which the integral domain can be embedded. Such a field exists
for any integral domain. |

Proposition 20 will be very useful for both the proofs of correctness and complexity of the
algorithm. We will also need the following property on the coeflicients of the slack variables.

» Lemma 21. For alli € ]0,q], all slack variables in @; that are not assigned a value by B;
occur in ; with identical coefficients, namely f;_1(t) (setting f_1(t) == 1). Moreover, each
of these slack variables occur in a single constraint of p;, it is an equality.

Proof. See Lemmas 11 and 12 from [11] a fully detailed proof. Briefly, the second statement
of the lemma is simple to show: it is clearly true for g, and in all substitutions [[% / ]|
performed by the algorithm, the term 7 only feature slack variables (if any) for which the
map B already assigns a value. Since substitutions are local to each atomic formula, it is
thus not possible for an “unassigned” slack variable y to end up in multiple constraints.
Then, in the column k of M; corresponding to the variable y, there is at most one non-zero
coefficient, and it is located in a row j among the first e (y occurs in an equality). More
precisely, because of how the matrix S; is defined, j > ¢ (y is unassigned). Then, we are in
the case of Proposition 20.I11, and the coefficient of y in ¢; is det(My[1,...,4,5; 1,...,4,k]).
The last column of My[l,...,4,5; 1,...,4,k] is (0,...,0,1), and so this determinant is equal
to det(Mo[1,...,4; 1,...,4]). By Proposition 20.IV, this is equal to f;_1(t). <

» Lemma 10. Let 3z : p(x, 2) be a formula input of Algorithm 3, in which all coefficients
of the variables in x, and all divisors f(t) in relations (f(t) | -), are integers. The map Bg
in the output of each non-deterministic branch B ranges over the integers.

Proof. We look at the polynomial m(t) initially defined in line 6 and used to define the
range of all maps Bg. In any run of the algorithm, this polynomial is built from polynomials
appearing as divisors of divisibility constraints in ¢ (which are here assumed to be integers),
together with polynomials f;(¢) considered in Item IV of Proposition 20. Since in ¢ all
coefficients of variables in x are integers, from Proposition 20 and by definition of the
matrix M, we conclude that all f;(¢) are integers. Therefore, m(t) is an integer throughout
the procedure, and the statement follows. <
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A.2 Correctness of BoundedQE (proof of Lemma 9)

Recall that the input of BOUNDEDQE is a 3z : ¢(x, z), where ¢ is a positive Boolean
combination of linear PrAt] constraints, * = (z1,...,2y,) and 2z = (Tyy1,...,Z4).
For the proof of correctness, we would like to proceed as in Appendix A.1 and fix a
non-deterministic branch £ of the algorithm, which produces a path of the form:
(Z:3) s b
O — (@07m05£07i05307xo) —0> (SplamlaglaihBlaXl) _1> cee

671—1

L (@namn7€nainaBn7Xn) — 1/)6

where the various objects in it are as defined in Appendix A.l. Correctness is however
a global property that ranges all non-deterministic executions, and we will thus need to
consider the whole computation tree of the procedure. We will still use the path above as a
reference (it will soon be clear in what sense). An important detail: in this appendix, we are
not working under the assumption (*) used to derive the bounds on ¢.

We divide the proof of correctness into three steps:

Step 1 involves the first edge of paths as the one above, concerning the guesses of (7, +).

Step 2 concerns the iterations of the foreach loop of line 10, involving the guesses 9;.

Step 3 concerns all that happens after the foreach loop of line 10 completes.

(In this step the algorithm is deterministic.)

Step 1 (lines 1-9). Let us focus on the first edge of the path, that is,

(Z,%)
Y — (@07m05607 j:Oa BOvXO)'

We refer the reader to Appendix A.1 for the description of (g, mo, ¢, =0, Bo, Xo) (Lemma 22
below recalls properties of this tuple that suffice for this appendix). In the guess (Z, +),
recall that Z is a subset of E := {f(t) : the relation (f(t) | -) occurs in ¢}, and + is the sign
used to define mo(t) = +[] cp\ 9. The formula ¢o already contains all slack variables
y = (y1,...,¥r) added in line 9 (note that the number of slack variables does not depend
on the guessed Z and +, because the number of inequalities in ¢ is the same across non-
deterministic branches).

Let us write Sy for the set of all tuples (¢o, mo(t), fo(t), +0, Bo) obtained by considering
all the different choices for the pair (Z, £). We start with some simple observations:

» Lemma 22. for every (¢o, Mo, £o, *0, Bo, Xo) € So:

1. o is a positive Boolean combination linear of equalities and divisibility constraints.
2. The formula xo is the inequality mq(t) > 0.

3. For every divisibility (f(t) | -) in o, the divisor f(t) is a factor of my(t).

4. The polynomial £y(t) is the constant 1, and ¢ is the symbol +.

5. The map By is empty.

Proof. The proof is straightforward (see lines 6-9, or the discussion in Appendix A.1). <«
The following lemma express the key “equivalence” between ¢ and the elements in Sp:
» Lemma 23. The formula ¢ is equivalent to V(¢07m07507i07BO’X0)630 y € N:pg A xo-

Proof. Below, given Z C FE, let us write @z for the formula obtained from ¢ by replacing
every divisibility f(¢t) | 7, where f € Z, with 7 = 0. We also write ¢/, for the formula obtained
from ¢z by replacing each inequality 7 < 0 with 74y = 0, where y is a slack variable from y

23
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(distinct inequalities receive distinct slack variables). Following lines 1-9, we see that for
every (¢o,mo, Lo, =0, Bo, x0) € So, the formula ¢q is of the form (¢, A /\er f(t) =0), for
some Z C F, and moreover mo(t) is equal to £(][,cp\ 7 9(t)) > 0, for some sign & among +
and —. The following chain of equivalences then proves the lemma:

¥
= Vocw (927 Ner F8) = 0A Ay 2 9() £0)

(by definition of divisibility constraint)

= VicuVaerr oy (927 Arez SO = 0A (e 2 9(8) #0)
(since a Z0AND#£0 < a-b#0)

= ViepVicpo (927 Ajez () =0 Am(t) > 0)

(guessing a sign for [[ .z 9(t), and by definition of m(t))

= Vo Vi ((Ely EN: Q) A Asey f(B) = 0 Am(t) > o)
(because T <0 < Jy € N: 74y =0, and moreover pz is a
positive Boolean combination of linear PrA[t] constraints, hence

we can push Jy outside the scope of all its Boolean connectives)

<— v(sao,mo,éo,io,Bo,xU)eSo y €N: o Axo (by def. of Sg, x0, and ¢g) <=

Step 2 (lines 10-23). Let us write S; for the set of all tuples (p;, m;, ¢;, £, B;, ;) obtained

across all non-deterministic branches of Algorithm 3, after the foreach loop of line 10 has been

executed ¢ times. Note that Sy coincides with the homonymous set defined before Lemma 22.

Recall that this loop executes n times, considering the variables 1, ..., z, (in this order).
Let i € [0,n — 1]. Back to our “path view”, we will now look at edges of the form

5
(pi, M, 4, £4, Bi, Xi) = (@it1, Mg, liva, Tiv1, Biv1, Xit1),

where:
the tuple (¢;, m;, 4;, =4, B;, x;) belongs to S;,
0 is either T (this case occurs when the (i + 1)th iteration of the foreach loop executes
the continue statement of line 13) or a pair (f;(f) - zi41 +7 =0, £;41) (corresponding
to the two guesses of lines 14 and 16), and
(‘Pi+1,mi+1;€i+17 Fit1, Bit1, Xi+1) S Si+1~

Let ¢ € [0,n], and consider ® = (¢;, m;, 4;, =4, Bi, xi) € S;. Let us denote by y’ the slack
variables from y that are unassigned in B; (that is, not in its domain), and v for all the
variables that are assigned in B;. We write F(®) for the formula:

F(®):=3y e NJv < B(¢; A xq)-

Observe that then the equivalence in Lemma 23 can be states as ¢ <= V@eso F(®), since
in this case By is the empty map (Lemma 22).
The goal for this step is to prove the following result:

» Lemma 24. Leti € [0,n— 1] and ® € S;. There is a subset G C S; 11 satisfying

241 F(P) — \/%G F(0).
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As done in Step 1, let us start with some simple facts:

» Lemma 25. Let i € [0,n] and consider a tuple (@;,mi, bi, £, Biy Xi) € Si. We have:
1. ; is a positive Boolean combination of linear equalities and divisibility constraints.
2. For every divisibility (g(t) | -) in ¢4, the divisor g(t) is a factor of m;(t).

3. The formula x; is a conjunction of inequalities of the form h(t) > 0, with h € Z[t].
4. The formula x; entails both m;(t) > 0 and £;¢;(t) > 0.

Proof. The proof is by induction on 4.
base case: 7 = 0. Directly from Lemma 22.

induction step: ¢ > 1. Counsider (¢;, m;, ;, =4, Bi, xi) € S;, as well as the label 0 of an edge

such that there is (¢;—1,m;—1,6i—1,+i—1, Bi—1,Xi—1) € S;i—1 satisfying

5
(i1, mi—1, b1, Fi—1, Bi—1, xi—1) = (@i mi, by, £i, By, Xi)-

By induction hypothesis, the tuple (¢;—1, mi—1,%;i—1,xi—1, Bi—1, xi—1) satisfies Items 1-4.

We proceed by cases on 9:

case: § = T. We have (gpi,mi,&, :ti, XZ) = (cpi_l,mi_l,&_l, :l:i—hXi—l) (because the
foreach loop executes the continue statement of line 13). Items 1-4 are thus statisfied.

case: (f(t)-x; +7 =0, £). Following lines 15, 17 and 18, we have:

£ = f(t), m; = 2 f(t) - m;_1(t),
ii = i, Xi = (Xi—l AN :tf(t) > O)

proof of Item 1: By induction hypothesis, ¢;_1 is a positive Boolean combination of

linear equalities and divisibility constraints. The formula ¢; is obtained from ¢;_1

by applying lines 21-23, which preserve this property.

proof of Item 2: By induction hypothesis, for every divisibility (g(¢) | -) in ¢;_1, the
divisor g(t) is a factor of m;_1(¢t). Line 21 multiplies each divisor g(t) of ¢;_1
by f(t). The resulting polynomial g(t) - f(t) is a factor of m;(t) = £ f(t) - m;—_1(¢).
Line 22 divides g(t) - f(¢) by the common factor ¢;_;(t). From Proposition 20.V
these polynomial divisions are without remainder, and therefore the result is still a
factor of m;(t). Lastly, line 23 adds the divisibility (f(¢) | 7); whose divisor is again

a factor of m;(t) = £f(¢t) - mi—1(t).

proof of Item 3: Follows by definition of x; and the fact that y;_; satisfies Item 3.
proof of Item 4: Directly from the its definition, y; implies both 4+;¢; > 0 and m; > 0

(the latter because x;—1 implies m;_1 > 0 by induction hypothesis).

Let us consider a tuple (p;, m;,¢;, £;, Bi,x;) € S;. For the time being, it is more
convenient to reason purely in terms of formulae equivalences, neglecting their connections

with the operations performed by Algorithm 3. We will come back to Algorithm 3 later.
We rely on the following notion:

» Definition 26 (Partial formulae of ;). Let I, Ay and Ay be a partition of the set T =
{(f(t),7) : the equation f(t) - x;41 +7 =0 occurs in ¢;}. Let us write (@;|1,1) for the for-
mula obtained from @; by replacing with L every equation f(t) - x;41 + 7 = 0 such that

(f@t),7) €I, and with T every equation f(t)-x;41 + 7 =0 such that (f(t),7) € T\ I.
The following formula is said to be a partial formula of p;:

(eiler)n N\ (FO=0AT=0A N\ (FO) #OAF({H) i1 +7=0).

(f(#),m)€A0 (f(t),m)€AL

We denote by P(p;) the set of all partial formulae of ;. Given v € P(y;), we write I(v),

Ao(v) and Ay (y) for the sets I, Ag and Ay used to define ~y, respectively.
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The idea behind the notion of partial formulae is the following. In any solution v to ¢;, some
atomic formulae are satisfied (below, “active”) and some are not (below, “inactive”). (We
recall in passing that v is a map assigning an integer to each variable in @, y, and z, and to
the parameter ¢, such that the integers assigned to the slack variables y are non-negative.)
The formula (¢;|7,7) in Definition 26 guesses the “activity” of each equality featuring x;1;
replacing inactive equalities with 1 and active equalities with T. Among the active equalities
f@) -z + 7 = 0 (with respect to v), we distinguish two types, depending on whether
f(v(t)) = 0. In Definition 26, the first type corresponds to the set Ag: here f(t) is guessed
to be 0, and so f(¢) - ;41 + 7 = 0 becomes equivalent to f(t) = 0 A7 = 0. The second type
corresponds to the set Aj: here f(t) is guessed non-zero, and therefore f(¢t) - z;41 +7=0
becomes (trivially) equivalent to f(¢) £ 0A f(t) - 2401 +7=0.
The next two lemmas show that no information is lost when moving from ¢; to P(¢;).

» Lemma 27. Every formula v € P(p;) implies ;.

Proof. Let v € P(g;), and I == I(v), Ap = Ao(7), A1 = A1(y) and T := T U Ay U A;.
Following Definition 26, the formula (¢;|7,7) has the same Boolean structure as ¢;, the only
difference is that all equalities from T are replaced with L or T. Moreover, since p; is a
positive Boolean combination, both ¢; and (¢;|7,7) only contain the connectives V and A. Let
us then refer to subformulae of ¢; and (y;|; ) by using finite words from the alphabet {L, R},
where L selects the left disjunct/conjunct of a Boolean connective, and R selects the right
one. Given a word w € {L, R}*, we write [¢;],, for the subformula of ¢; corresponding to w
(and proceed similarly for (;]7,7)). For example, [(aVb)A((cVd)Ae)] r = ¢Vd. Therefore,
[pile = @i and [(@il1.7)]e = (@ilr. 1), where e stands for the empty word. We leave [p;]w
undefined whenever w does not lead to a subformula of ¢; (e.g., [(aVb) A ((cVd)Ae)] LI
is undefined), and write W for the set of words w € {L, R}* for which [¢;],, is defined. This
also corresponds to the set of words w € {L, R}* for which [(¢;|1,1)]w is defined.

Let v be a solution to 7. We prove that for every w € W, if v satisfies [(¢i|r,1)]w then
it also satisfies [p;],. Since v satisfies (¢;|7 1) (as it satisfies «y), this suffices to conclude
that v satisfies @;, as required. The proof is by induction on the words of W, with induction
hypothesis asserting that the statement holds for all strictly longer words in this set.

base case: w € W is not a strict prefix of some word in W. In this case, a = [¢;], and

B = (e

case: « is not an equation f(t) - ;11 + 7 = 0. We have o = § (by def. of (pi|r,1)),
and therefore the statement trivially follows.

case: « is an equation f(t) - x;41 + 7 =0 and (f(t),7) € I. We have § = L (by
definition of (¢;|r,7)). Hence, v does not satisfy 5, and the statement follows.

case: « is an equation f(t) - x;41 + 7 =0 and (f(t),7) € Ao. By def. of (vilr,1)
we have § = T. Since v satisfies v, it also satisfies f(t) = 0 A7 = 0 (by defini-
tion of 7). This conjunction entails f(t) - ;41 + 7 = 0; and so v satisfies «.

1,7)]w are atomic formulae. We split the proof into four cases:

case: « is an equation f(t) - x;41 + 7 =0 and (f(t),7) € A;. Since v satisfies 7,
it also satisfies f(t) ZO0A f(t) - 2,41 + 7 = 0 (by definition of ). Hence, v satisfies a.
induction step: w € W is a strict prefix of some word in VW. From the definition of W,
we have (@il = [pi]wr & [pilwr and [(@ilrT)]lw = [(ilrT)]wr @ [(0il1,7)]wr, Where
@ € {A,V}. We split the proof into two cases, depending on @.
case: @ is A. Suppose that v satisfies [(¢:|r,7)]wr A [(¢ilr,7)]wr. By induction hypo-
thesis, v satisfies [p;]wr and [p;]wr. That is, v satisfies [@;]wr A [@i]wr-
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case: @ is V. Suppose that v satisfies [(pi|r,17)]wr V [(@il1,7)]wr- Thereis D € {L, R}
such that v satisfies [(;|1,1)]wp. By induction hypothesis, v satisfies [¢;]wp. Therefore,
v satisfies [@;|wr V [@ilwr- <

» Lemma 28. The formula p; implies \/WEP(w) .

Proof. Consider a solution v to ¢;. Let T be defined as in Definition 26 as the set
{(f(t),7) : the equation f(t)-x;41 +7 =0 occurs in ¢;}. Let I and Ay and A; be the
following partition of T', induced by v:

I:={(f(t),7) € T:v does not satisfy f(t) z;y1 +7 =0}
Ao =A{(f(t),7) € T : v satisfies f(t) z;41 +7=0A f(t) =0}
Ay ={(f(t),7) € T : v satisfies f(t)-x;01 +7=0A f(t) # 0}.

From Definition 26, it is simple to see that v satisfies the partial formula 7 of ¢; such that
I(y) =1, Ao(y) = Ag and A;(y) = A;. Indeed, the fact that v satisfies (¢;|; ) follows from
the fact that (¢;|r,r) is obtained from ¢; by replacing each equality featuring x; 41 with T
(when v satisfies the equality) or L (when v does not satisfy the equality). Moreover, for every
(f(t),7) € Ao, v satisfies f(t) - 2,41 +7 =0A f(t) = 0, which in turn means that v satisfies
T =0Af(t) = 0. For every (f(t), ) € Ay, v trivially satisfies f(¢)-z;41+7 =0Af(t) 0. <«

We now discuss three cases, depending on the set A; (). These cases will later corresponds
to different branches in Algorithm 3, from which we will prove Lemma 24.
Here is the first case:

» Lemma 29. Let v € P(yp;) such that Ai(y) = 0. Then,
Fzi1(y A xi) implies 321010 < i1 <my(t) — LAY A x3)-

Proof. Since A;() = 0, in 7 the variable ;11 only occurs in divisibility constraints. Consider
then a solution v to v A x;. Let g1(¢), ..., gr(t) be the list of divisors occurring in divisibility
constraints of ;. These are also all the divisors occurring in v (by definition of ). Each
divisor g; (j € [1,k]) is evaluated to an integer g;(v(t)). From Lemma 25:

xi implies m(t) > 0, and the variable z;;1 does not occur in this formula.

g;(¢) is a factor of m;(t).
Therefore, m(v(t)) is positive, and it is divided by g;(v(¢)) (in particular, g;(v(¢)) is non-zero).
Let L :=lem{g;(v(t)) : j € [1,k]} (recall: lem returns a non-negative integer). All numbers
of the form v(x;41) +j - L, for j € Z, have the same remainder modulo every g;(v(t)). Since
Z;4+1 only occurs in divisibility constraints, updating v(t) to any of these values still yields a
solution to v A x;. In particular, one such value must lie in [0, L — 1]. Then, to conclude the
proof, it suffices to observe that L < m(v(t)), as L divides m(v(t)) > 0. <

Let us denote by y’ the slack variables from y that are unassigned in B;. Given v € P(g;),
we “divide” the set A1(7) into two sets A{%(y) and A5¥(v):

AT y) ={(f(t),T) € A1(7) : T does not contain a slack variable from y'},
AR (y) = {(0,y) : 0 = (f(t),7) € A1(7) \ AS%(y), and y occurs in y’ and 7},

For the second of the three cases, let us consider when A{%(y) # 0. Let (f(t),7) € A{%(y).
Any solution to v satisfies f(t) - x;41 +7 =0A f(t) # 0, and this equality does not feature
any unassigned slack variable. There is then little to do, we can simply substitute x;41 for
%, eliminating this variable without producing any new bounded quantifier (more on that
later). We are left with the third case (the most interesting one):

27
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» Lemma 30. Let v € P(yp;) with A5%(vy) # 0 and A{(y) = 0. Then,

Jy' € N3z 1(yAxi) implies \/ Jy' € Nz, 11(0 <y < ££(t) - mi(t) —1AYAX:)-
((£(£),7),9) €A ()
+e{+,-}

Proof. We follow arguments in [11, Lemma 17]. Let A3™(v) = {((g1,71), ¥1)s -+ ((9¢: 1), %) }-
Let v be a solution to v A x;, which in particular assigns an integer to x;41 and non-negative
integers to each of the slack variables yj,...,y;. Observe that each integer g;(v(t)) is
non-zero, because (g;,7;) is an element of A; (7).

Consider the auxiliary rational vector v” = (vy,...,v,) where v; == ‘g,,((y% Each v; is

positive. Suppose now that the values given by v to the variables ;y1,v,... ,y; are those
that minimize the smallest possible component of v”. Without loss of generality, assume
v1 to be such component. In other words, no matter how we change the values given to
Tiy1,Y1,- - -, Yy in the solution v, if the resulting map ¢ is still a solution, then the minimal
component in its auxiliary rational vector v¢ is greater or equal than v;.

We show that vy < m;(v(t)) or, in other words, v(y}) < |g1(v(t))| - mi(v(t)) — 1, proving
the lemma. (Recall that x; implies m(t) > 0 by Lemma 25, hence m;(v(t)) is positive).

For the sake of contradiction, suppose vi > m;(v(t)); and note that this implies
v; > m;(v(t)) for all j € [1,q]. Let u(t) be the coefficient of the slack variable y; in 7.
From Lemma 21, for every j € [1,¢], 7; is the only term in which y§ occurs, and moreover its
coefficient is p(t). We also know that u(v(t)) cannot be zero. Indeed, from Lemma 21, p(t)
is the polynomial f(t) from line 14, with respect to the last time this line was executed by
the foreach loop of line 10 (with f(¢) = 1 if no such previous execution occurred). Let us
say that this happened during the kth iteration of the loop, with & < 4. Then, x; contains
the constraint +4u(t) > 0. Iterations between the kth and before the (current) (7 4+ 1)th one
do not change the formula x (the continue statement of line 13 is executed instead), hence
Xi still contains the constraint & u(t) > 0, which forces p(t) to be non-zero.

Let us denote by ¢ the assignment that agrees with v on all possible variables except x;41
and yi, ..., y,, and such that:

§(wiv1) = v(wipr) £ p(v(t) - mi(v(t)),
§5) = v(yh) F g;(w(t) - m;(v(t)) for every j € [1,q],

where F stands for — whenever g;(v(¢)) > 0, and for + otherwise, whereas + € {+, —} is

the sign opposite to F. Clearly, % < vy, since £(y}) is obtained by adding a negative
number to v(y;). Moreover, for every j € [1,q], we have {(y}) > 0; because v; > m;(v(t))

and we have (in the worse case) only removed |g;(v(t))| - m;(v(t)) from v(y;).

T,O conclude the proof it suffices to show that & still satisfies v A x;. Indeed, in this way
% < vy contradicts the fact that v, is the minimal possible value that entries in the
auxiliary vector v” can take as we change the values of z;11,9], ... ,y; (while preserving the
satisfaction of v A x;).

Clearly, the map £ satisfies all equalities and divisibility constraints not featuring z;11
(hence, in particular, it satisfies x;). Similarly, it satisfies also all divisibility constraints
featuring z; 1, since by Lemma 25 we have that every divisor in these constraints is a factor
of m;(t), and &(x;41) has been defined by shifting v(z;11) by a multiple of m;(v(t)). Lastly,
the equalities in « involving ;41 are still all satisfies. Indeed, given j € [1, ¢, let us write
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i = p;j + pu(t) - y;. We have:

9;(€@)) - &(@ir1) + pj + p(&(1) - £(y5)
=g;(v(t) - (V(@ip1) £ u((®) - ma((1)) + pj + u(@(1) - (v(W)) F 9;(v(1) - mi(v(2)))
=9 (1) - v(@ir1) + pj + pv (1)) - £(y;)
=0 <

N

We now combine Lemmas 27-30:

» Lemma 31. The formula 3y’ € N3z;11(0; A xi) is equivalent to
(Hy’ €Nz (0<z<mi(t) — 1A A xi)) v

\ ( \/ (Ely/6NEI:UZ-H(f(t)-xiH—i—T:O/\:I:f(t)>O/\g0i/\xi))\/
YEP(pi) (f(1),m)EAT (%)
+e{+,—-}
\/ (Ely’ S NE'ZZ?H_l(f(t) i1 FT=0AN0<y < E£f(t) - mi(t) —1Ap; A Xz)))
((f(®),7), ) €A ()

Proof. The right to left direction is trivial, since every disjunct “specializes” the formula
Jy’ € N3w;1(p; A xi) with further constraints. For the left to right direction, by Lemma 28
we have that 3y’ € N3z;11(p; A x;) implies \/767’(901-) Jy’ € N3z, 11(y A xi). Let us then fix
v € P(¢;), and show that Jy’ € N3z, 1 (v A x;) implies one of the disjunct of the right-hand
side of the equivalence. We again consider three cases separately, depending on the set A; (7).
case: A;(vy) = 0. From Lemma 29, the formula Iy’ € N3z; 1 (v A x;) implies the formula

Jy’ € Ndz; 11 (0 <2 <my(t) — 1 Ay Ax;). From Lemma 27, the latter formula implies

Ely/ S NEIH_l(O S x S mz(t) — 1A %) A Xl)

This is one of the disjuncts on the right-hand side of the equivalence (see first line).

case: AJ%(7y) # 0. In this case, one of the conjuncts occurring in the formula + is a formula
f(t) - zip1 + 7 =0Af(t) # 0such that (f(¢),7) € AT*(7). Since 7 implies ¢; (Lemma 27),
Jy’ € N3z 1(y A xi) implies Jy’ € N3, 11 (f(¢) -@xiqp1 +7=0A f(t) #0A ;i Axi). By
“guessing” the sign of f(t), we can rewrite the latter formula as

\/ Ely/ GNEL’EH_l(f(t) ~$1‘+1+T:0/\:|:f(t) > O/\(pi/\xi).
te{+,—}

This is one of the disjunct on the right-hand side of the equivalence (see second line).
case: A{'(v) = 0 and A*%(v) # 0. From Lemma 30, 3y’ € N3z, 41 (7 A x;) implies

\/ Jy' € NTz; (1 (0 <y < £f(8) - mi(t) = LAY A xq)-
((F(@),m),m) €A (y)
+e{+,-}
In the above formula, we can replace v by ¢; (as the former implies the latter by Lemma 27),
to obtain a formula that is still implied by 3y’ € N3z, 11 (v A x;). Each disjunct in the
resulting formula appears on the right-hand side of the equivalence (see third line). <«

The next lemma completes the elimination of x;;; from the second and third case of the
formula in Lemma 31.
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» Lemma 32. Consider a formula v = 3z;p1(f(t) - zip1 + 7 =0A£f(&) > 0A ;i A Xi),
where f(t) - x;ip1 + 7 = 0 is an equation in ¢; and £ € {+,—}. Let ;11 be the formula
obtained from p; by executing lines 21-23 of Algorithm 3, where the division is done with
respect to ;. Then, ¥ is equivalent to =f(t) > 0 A @11 A Xi-

Proof. By definition of the vigorous substitution, it is easy to see that v is equivalent to
i1 (f(t) - ip1+7 = 0ALEf(E) > 0/\%[[% / xiv1]] Axi). As explained in Appendix A.1, all
polynomials from Z[t] occurring in inequalities and divisibility constraints (divisors included)
of ©; [[% / x;41]] are divisible by the polynomial ¢; (without remainder). Line 22 performs
this division. The resulting formula ¢} is equivalent to %H% / x;41]]. Lastly, observe that
x;4+1 occurs now only in the equality f(¢) - x;41 + 7 = 0, which we can rewrite as f(t) | 7,
since x; 41 ranges over the integers. The formula ;11 is defined as ¢ A f(t) | 7 (see line 23).
Therefore, v is equivalent to £f(¢) > 0 A w11 A Xi- <

We are now ready to prove Lemma 24:

» Lemma 24. Leti € [0,n — 1] and ® € S;. There is a subset G C S; 1 satisfying
Jz, 1 F(P) = \/%G F(D).

Proof. Let ® = (¢;,m;, 4;, 4, Bi, Xi) € S;, v be the variables assigned in B;, and y’ be the
slack variables that are unassigned in B;. By Lemma 31, 3z,,1 F(®) is equivalent to

(31} < B3y €Nz 1 (0 <z <m(t) — 1Ay /\xi)> \%

\/ ( \/ (Elv < B3y € NJzgyy (F(t) - mips +7 = 0N ££(t) >0/\g0i/\xi)) v

YEP(pi)  (F(1),7)EATN ()
+e{+,-}

\/ <3v < B3y €Nz (f(t) 2ip +7=0A0<y < £f(t) -my(t) — 1/\4,01'/\)(1‘))).
((f(),7),y) €A™ (7)
We now consider each disjunction 1 of this formula, and show that S;;; contains an element
U such that F(¥) is equivalent to ¥. Naturally, the element ¥ will be such that ® LN U, for
a suitable choice of the guess §. Once more, we divide the proof in three cases.
case 1: Consider the formula ¢ := 3v < B; 3y’ € N3z;41 (0 < 2 < m;(t) — 1 Ap; A x;). Let
0 = T, that is, consider the case where the foreach loop executes the continue statement
of line 13. Starting from ¥, in this case the algorithm simply adds z;;1 to the keys of
B;, with value m(t) — 1. Let B;+1 be the resulting map. This completes the iteration
of the foreach loop, and therefore S;;; contains the tuple ¥ := (p;, my, €;, 14, Bit1, Xi)-
Clearly, F(¥) is equivalent to .
case 2: Consider the formula

¢ :=3v < B3y € NIy 1 (f(t) g1 +7=0A£f(t) > 0N @i A Xi),

where (f(t),7) € A{%(v), v € P(pi) and £+ € {+,—}. Since (f(¢),7) € A{(7), the formula
; contains the equality f(t)-x;+1+7, and 7 does not feature any unassigned slack variable.
Let 6 = (f(t) - ;41 + 7 = 0, %), that is, the equation and sign + are guessed in lines 14
and 16. Note that line 17 updates x, so that x;11 = x; A (£f(¢) > 0). By Lemma 32,
lines 21-23 updates ; into a formula ¢;1 such that 3z, (f(¢)-zit1 +7 = 0A i AXit1)
is equivalent to (;+1 A Xi+1). Furthermore, the algorithm gives m; 11 = £f(t) - m;,
:ti—i-l =+ and €i+1 = f(t) The tuple U= (gpi+1,mi+1,€i+1, :|:Z‘+1, Bi7Xi+1) belongs to
Sit1, and F(¥) = Jv < B; 3y’ € N (@41 A xi+1) 18 equivalent to 1.
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case 3: This case considers formulae
Fv < By €NFwip1 (f() - 2iqa +7=0A0<y < £f(t) - mi(t) — LA @i AXi).

Observe that the subformula 0 <y < £f(¢) - m;(t) — 1 A x; implies £f(¢) > 0 (recall that
xi implies m;(t) > 0). After adding this implies inequality, this case is analogous to the
previous one, the only difference being that the map B; is now updated with a bound
+f(t) - m;(t) — 1 for the slack variable y. <

Step 3 (lines 24-26). The last step of the procedure is deterministic and simply removes
the remaining slack variables. Here is its “specification”:

» Lemma 33. Let (on, mp, bn, 0, Bn, Xn) € Sn, and let y' be the slack variables that are
unassigned in By. Let 1 be the formula obtained by applying the foreach loop of line 24 to
the formula ., with respect to By, and £,. Then, 3y" € N(p, A xn) <= ¥ A Xxn.

Proof idea. The proof follows essentially verbatim the proof of [11, Lemma 18] and it is
thus not duplicated here. We give instead the intuition on how [11, Lemma 18] is proven, by
considering the case of n = 1. The full proof given in [11] iterates the same reasoning across
all formulae ¢a, ..., ©,.

In the case n = 1, the foreach loop of line 10 iterates only once. Let us suppose that,
during this iteration, the procedure guesses an equation f(¢)-z1 +7 =0 and £ € {+,—}
(whether 7 has a slack variable or not is irrelevant here, so let us assume it does not for
simplicity). The formula x contains the constraint £ f(¢) > 0 asserting that + is the sign of
f@). Let g(t) - 1 + p +y = 0 be another equation from ¢, featuring the unassigned slack
variable y. (y has coefficient 1 because we are performing the first iteration of the loop.)

The substitution [[+75 / #]] updates g(t)-z14+p+y = 0to —g(t) - 7+ f(t) - p+ f(t) -y = 0.
Line 25 modifies this term to —g(t) - 7+ f(t) - p ~ 0, where ~ stands for < whenever + is
the symbol +, and otherwise ~ stands for >.

First, notice that 3y € N(—g(t) -7+ f(t)-p+ f(t) -y =0 A £f(t) > 0) implies the
inequality —g(t) -7+ f(t) - p ~ 0. Indeed, since y is non-negative, the equality is forcing
—g(t) -7+ f(t) - p to either be zero (when y is zero) or to have a sign opposite to the one
of f(t). The left to right direction of the lemma follows from this reason alone.

The right-to-left direction is more subtle, because —g(t) -7+ f(t) - p~0A£f(t) > 0
alone does not imply 3y € N: —g(t) - 7+ f(t) - p+ f(t) - y = 0. For this direction to hold, it
is sufficient (and necessary) to further assume that —g(t) - 7+ f(¢) - p is a multiple of f(¢);
which in turns implies that —g(¢) - 7 has to be a multiple of f(¢). But indeed, the procedure
adds in line 23 the division f(¢) | 7, which is preserved by the updates performed in Line 25.
This is the key observation used to prove the right to left direction of the lemma. |

Putting all together. We can now complete the proof of correctness:

» Lemma 9. Algorithm 38 (BOUNDEDQE) complies with its specification.

Proof. Let 3x1,...,z,0(21,...,2Zn, 2) be the input formula. By Lemma 23, across non-
deterministic branches, lines 1-9 build the formulae F(®), with ® € Sy, such that

Axy,...,Tpp = \/ Jzq, ..., 2, F(P).
PeSy

By iterated application of Lemma 24, after the foreach loop of line 10 completes, (again
across non-deterministic branches), the algorithm considers the formulae F(¥) with ¥ € S,,,
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and we have

dz1,..., 200 = \/ F(7)
ves,

Given U = (¢n, M, bny £, Bry Xn) € Sp, let F(U) =3y’ € N: Jv < B, (pn A Xn), where
vy’ and v are, respectively, the unassigned and assigned variables in B,,. By Lemma 33,
lines 24-26 produce a formula F'(¥) = Jv < B, (], A xn) equivalent to F(¥). The output
of the algorithm is \/ g F'(¥), which is thus equivalent to 3z1,...,z,¢. <

A.3 Complexity of BoundedQE

We now move to the complexity of the procedure. Recall the paremeters of PrA[t] formulae,
which were introduced in Section 6.

atom(go) = (number of occurrences of atomic formulae in ¢),

vars(yp) = (number of variables in go)

func(p) = (number of occurrences of | 77 | and (- mod f(t)) in an atomic formula of ¢),
(const)(p) = max{(f) : f € Z[t] occurs in ¢},

(B) = max{0, (B(w)) : w is in the domain of B}.

With this notation, let us prove the following lemma, which gives us essentially the proof
that Algorithm 3 runs in non-deterministic polynomial time (see Lemma 35 below).

» Lemma 34. Let 3z : ¢(x, z) be a formula in input of BOUNDEDQE, where ¢ is a positive
Boolean combination of linear PrA[t] constraints, @ = (z1,...,2,) and 2 = (Tpi1,...,24),
where n > 1. Then, for every branch output Jw < B : ¢¥(w, z) we have:

atom(p) <a atom(yp)  <2-(n+a)+1
if vars(p) =9 en vars(t) =g

func(p) =0 func(y) =0

(const)(p) <c¢ {const)(p) < (n+a)®-c3

Moreover, w contains n variables and (B) < (n+ a)'! - c°.

Proof. First observe that the same as the input formula ¢, the formula ¢ does not fea-
ture remainder functions (- mod f(¢)) nor integer divisions LWL and we have func(p) =
func(y) = 0. Let us now consider other parameters.

Bound on atom(1p): The relevant lines are: line 4, line 7, line 17, line 23, and line 26. Line 4
adds one conjunct for each element in the set Z guessed in line 1. The cardinality of this
set is bounded by a. In parallel, the algorithm constructs a formula y, which has initially
one atomic formula (line 7). Lines 17 and 23 add, respectively, one conjunct to x and one
conjunct to ¢ for each variable in @ for which the non-deterministic branching performed
in line 11 does not lead to executing the continue instruction in line 13. Let us assume
that line 23 is executed ¢ < n times. Therefore, when the algorithm reaches line 24, the
formula ¢ has thus at most a 4+ a + ¢ atomic formulae and the formula x has at most
q + 1 atomic formulae. The last line 26 returns the conjunction of ¢ and x, and we thus
conclude that atom(v)) <a+a+qg+q+1<2-(n+a)+1.

Bound on vars(v): The procedure simply “replaces” the n variables from & with variables
w under the scope of bounded quantifiers. Following lines 20 and 12, each variable in x
corresponds to a variable in w (w thus features n variables). Therefore, vars(y) < v.
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Bound on (const)(1)): First observe that (const)(v) = maxz{{const)(¢'), (const)(x’')}, where
¢’ and ' are the systems stored in the variables ¢ and x in the last line 26. From line 7
and line 17 we see that (const)(x’) = max{(I[[ N}, (fo),...,{fq—1)} for the set N such
that N C {f(t) : the relation (f(¢) | -) occurs in ¢} and equations fo(t) - x1 + 79 = 0,

oy fg=1(t) - xg + 74—1 = 0 are guessed in line 14 within the main foreach loop from
line 10. Let us now upper-bound the bit size of fy, ..., f;—1 together with the bit size of
the coefficients and constants of the formula ¢'.
This bound uses in a crucial way Proposition 20. From the definitions of the matrices
My, ..., Mg, given at the beginning of the appendix, we see that all coefficients of the
variables and constants of the terms in ¢’ are entries of the matrix M, located in columns
among 1,...,g9+r+1, where g is the overall number of free variables in the input formula
¢ (including both @ and z), and r is the number of slack variables introduced by the
algorithm in line 9.
Following Proposition 20, we see that each f; is the determinant of B[1,...,i+1;1,...,i+1]
and that the entries of M, are determinants of ¢ x g or (¢+1) X (¢+1) sub-matrices of M.
All entries in the columns 1, ..., g of My are coefficients of the variables  and z in the
formula stored in ¢ at the beginning of the loop in line 10, whereas the (g + 1)-th column
contains constants of terms in this formula, and the bit size of all these entries is bounded
by (const)(y). (In particular, the equalities f(¢) = 0 added in line 4 do not feature any
variable, and f(¢) is an entry located in the (g + 1)-th column of Mjy.) All entries in the
columns g+ 2,...,9+ 1+ 1 of My are either 0 or 1 (slack variables have coefficient 1
initially). Therefore, to establish the bound on (const)(¢’) and (fo),...,(fq—1), it suffices
to bound the bit size of these determinants. Below, we provide the computation for a
(¢g+1) x (¢ + 1) sub-matrix, which subsumes the one for ¢ x ¢ matrices.
Let B € Z[t](a71*(a+1) be a matrix with entries of bit size at most ¢ > max(1, (const)()):

b171 - b17q+1
B = :

bgt1,1 o bgtig+

Let us write Sg41 for the set of all permutations of (1,...,¢ + 1), and sgn(o) for the
signature of a permutation o, i.e., sgn(c) = +1 if o can be obtained from (1,...,¢+ 1)
by exchanging entries an even number of times, and sgn(o) = —1 otherwise. Let us also
write o () for the ith entry of . The determinant of B is the element of Z[t] defined as

det B = Z Sgn(a) . bLo’(l) Ceaat bq+1,o’(q+1)'

0ESqgt1

Let D := max; ; deg(b; ;) and H = max; ; h(b; ;). We first bound the degree and height
of det B. For the degree, we have:

deg(det B) < max (deg(b1,p(1)) + - - -+ deg(bgi1,0(g+41))) < (¢+1) - D.
0E9q+1

To bound the height, consider first a polynomial by (1) .. bg41,5(q+1), for some o € Syy1.

Writing b; 5(j) = Zio g; - t?, we have

(g+1) .
. . — § I | 4
brow - barrotary jroianretopy Limy 930
When performing all multiplications and additions, the height of bl,a(l) e bq+1’,,(q+1)

is thus bounded by (D + 1)+ . {9+1 Therefore,
h(det B) < (¢ + 1)9t" - (D + 1)(etD) . gatt, (5)
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We can now bound the bit size of det B:

(det BY = (deg(det B) + 1) - ([logy(h(det B) +1)] + 1)

(q+1)-D+1)- ([logy(1+ (g + 1) - (D+ 1)@ HIH)] 4 1)
(g+1)- (D+1)-((q—|—1)- [logy((¢+1)-(D+1)-(H+1))| +1)
(g+1)*-(D+1)- ([loga((g+1) - (D +1)) +logy(H +1)] + 1)
(¢+1)%- ( +1)% - ([logy(H +1)] +1)

(n+1)°

ININCIN N DA

3

It remains to compare the bounds for {const)(¢’) and (const)(x’). Let us define the
integers D := max{deg(f) : f € N} and H = max{h(f) : f € N}, then we have:

deg(TIN)) < a-D h((TIN)) < (D +1)* - H.

Therefore,

(IIN) < (a-D+1)-([logo((D+1)*- H* +1)] +1)
: (D+ 1) (a- [logo((D+1)- (H+1))] +1)

> (D+1)* ([logy(H +1)] +1)

IN I/\ IN N
S

S
S

[}
N

and we can conclude that
(const)(v) = maz{{const)(y"), (const)(x')}
max{(n+1)%- ¢ a*- ?}

<
< (n+a)®- .

Bound on (B(w)): The relevant lines are line 6, line 12, line 18, and line 20. Line 6 defines a

product of polynomials m(t) = £ [[ N for N C {f(¢) : the relation (f(t) | -) occurs in ¢}.
Let fo(t) - z1+70=0, ..., fq—1(t) - x4 + Tg—1 = 0 be the equations guessed in line 14
during the run of the branch 5. Because of the updates performed in line 18, when line 20
is executed the (i + 1)-th time, the bound given to the slack variable y is &+ fo(¢)-- - - fi(t)-
[T N —1. Therefore, the bound given to variables in line 12 is & fo(¢)-- - - fo—1(t)-TIN-1.
Let us now define

D = max({deg(f): f € N} U{deg(f;) : ¢ € [1,¢]})

H = max({h(f) : £ € N}U{h(f) 1 € [La]}).
If we consider for every i € [0,¢ — 1] the polynomial f(t) :== fo(t)----- fi(t) - [[N — 1,
then (since #N < a and g < n) we have:

deg(f) < (n+a)-D h(f) < (D+1)" - B+ 1,

where the bound on A(f) is found using similar arguments as the ones used to derive the
bound in Equation (5). Therefore, for every variable w in w, we obtain
(Bw)) < ((n+a)-D+1)- ([logy((D+1)"" - H™* +2)[ +1)
(n+a)-(D+1)-((n+a)- [logo((D+1)-(H+1))] +1)
(n+a)®>- (D+1)* ([logy(H +1)] +1)
(n+a)*- ( 1)?- ¢’
( L. ¢

IN AN IACIN A

n—+a
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In the second-to-last line, we have used the fact that (f;) < (n+1)%-¢® (recall that f; is
the determinant of B[1,...,i+ 1;1,...,i+ 1]). <

» Lemma 35. The algorithm BOUNDEDQE runs in non-deterministic polynomial time.

Proof. Following the proof of Lemma 34, we now know that all objects BOUNDEDQE
constructs during its execution are of polynomial bit size. With this information, the proof
that the algorithm only requires non-deterministic polynomial time is simple: it suffices to
show that each line of the algorithm can be implemented in non-deterministic polynomial
time, and that all loops only iterate a polynomial number of times.

Regarding the operations performed, a quick glance at the pseudocode of BOUNDEDQE
reveals that, in fact, except for the lines that perform guesses, all other operations can be
implemented in polynomial time. In particular, note that the polynomial divisions performed
in line 22 can be performed in polynomial time with the standard Euclidean algorithm.

For the number of loops iterations, the foreach loop of line 2 iterates at most a := atom(y)
times; the foreach loop of line 10 iterates n times, where n is the number of eliminated
variables; and the foreach loop of line 24 iterates at most 2(n + a) + 1 times (following the
bound on atom(t)) from Lemma 34). <

B Extended material for Section 5

The main result of Section 5 is the correctness proof for Algorithm 4 (ELIMBOUNDED), which
was only sketched in that section. In this appendix, we first formally prove Lemma 14 (with
the help of two auxiliary lemmas). Together with the correctness of BOUNDEDQE (Lemma 9,
proven in Appendix A.2), this will give us the necessary equivalences to complete the proof
of Lemma 15. The complexity of Algorithm 4 is analysed at the end of the appendix.

In this appendix, we write #a for the number of variables in the vector «.

B.1 Proof of Lemma 12

» Lemma 12. Let pu(y, z) be the formula obtained from ¢ by performing lines 1-6 of
Algorithm 4. Then, the input formula Fw < B : p(w, z) is equivalent to Iy : px(y, z) and
every (t-digit) variable in y has only linear occurrences in pg .

Proof. It is simple to see that this lemma follows as soon as we prove that, in any solution
to the input formula, the base ¢ expansion of every bounded variable w has at most (B(w))
t-digits. For this, it suffices to establish |g(k)| < k'9), for every g € Z[t] and k > 2. Consider
a non-zero polynomial g(t) := Z?:o aj -7, where ag,...,a; € Z. (Trivially, 0 < k) Let

a = max{|a;| : j € [0,d]}. Then,

d .
o0 = |35+

and analysing the exponent we see

< (d+ 1) 'G-kd < kd+logk((d+1)‘a) < kd+log2((d+1)~a)’

d+1logy((d+1)-a) <d+ (d+1) -logy(a+1) < (d+1) - (logy(a+1) +1) < (g). <

B.2 Proof of Lemma 14

Before delving into the proof of this lemma, we need two auxiliary results (Lemma 36
and Lemma 37). The first lemma describes the PrAft] constraints produced during the
execution of the body of the while loop.

35
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» Lemma 36. At the beginning of every iteration of the while loop in line 7, every constraint
which has a non-integer coefficient of a variable from y has the form
7(2) , .
o(y)-t+ply) + | 0 with ~ in {=,<}, (6)
where o(y) is a linear PrAlt] term, p(y) is a linear term with coefficients in Z, 7(z) is either
a linear non-shifted PrAlt] term or (7'(z) mod f(t)), where 7' is linear non-shifted, k is a
non-negative integer, and Ltloj =T.

Proof. By induction on the number of iterations & > 0. Initially, when the constraint (n ~ 0)
is taken from the formula ¢z, the term 7 has one of the two forms:

o(y) - t+ p(y) + 7(z), where we have split the linear PrA[t] term over the variables y

into o(y) - t and a linear term with integer coefficients p(y); or

o(y)-t+p(y)+(7(z) mod f(t)), where, again, p(y) is a linear term with integer coeflicients.
Here, in both cases, 7(z) is a linear non-shifted term. It is clear that Equation (6) unifies
both items.

Let us assume that at the beginning of the k-th iteration every term with a non-integer
coefficient of a variable from y has the form Equation (6). Consider the updates in ¢
performed during one iteration of the loop. This formula is only modified in line 17, where
the constraint (n < 0) is replaced with a conjunction

=
tk

v A (cr(y)+r+ {fJ NO), (7)
where 7 is an integer (see lines 11 and 16) and + is either an equality (¢ -7 = p(y)) (line 13)
or a conjunction of two inequalities (¢ -7 < p(y)) A (p(y) <t-(r+1)—1) (line 15).

By induction hypothesis, o(y) is a linear term with coefficients in Z[t]. Let us represent
this term as o’(y) - t + p'(y), where p’ is a linear term with integer coefficients. The term
o’(y) can be equal to zero; this happens when o(y) is a linear term with integer coefficients.
We can now rewrite Equation (7) as

v ()t w0+ | 55 ~ o) ®)

It remains to notice that, by induction hypothesis, p(y) is a linear term over Z, and thus
there are no occurrences of a variable from y with a non-integer coefficient in ~. |

The “divisions by the parameter ¢t” are formalised in the second auxiliary lemma, which
gives us the two necessary equivalences already introduced in the sketch of the proof of
Lemma 14 given in the body of the paper.

» Lemma 37. Let C,D € Z, with C < D. Then, for the parameter t € N such that t > 2,
z€Z, andw € [t-C,t- D], the following equivalences hold:

(@ t-z2+w=0 < V,geplz+r=0At-r=uw),

(b) t-24w<0 <= V,goplz+r<0Ant-r<wiw<t-(r+1)).

Proof. Since we know that w € [t-C,t- D], there is an integer 7* € [C, D] such that [ % | = r*.

Item (a): For the left-to-right direction, the equality ¢ - z +w = 0 implies that w is divisible
by t. Hence, w =t-r*, and we have t -z +¢ - 7" = 0 which can be rewritten as z +r* =0
(since t > 2). The right-to-left direction is trivial.
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Item (b): Observe that the fact that ¢ -7 <w Aw < t- (r + 1) for some r € [C, D] means

that » = r*, and it is sufficient to prove the equivalence t - z + w < 0 <= z+4+1* < 0.

Below, we write {«} for the fractional part of a real number z € R, that is, {«} is the
only real number such that 0 < {z} < 1 and z = |z] + {z}. We have:

t-z4w<0 <t-z+t- —<0 recall: ¢ > 2

v (|2 (1) <o
e+ (|7 +{T}) <0
(:>z+L::J<O sinceOg{%}<1

Thanks to the auxiliary Lemmas 36 and 37, we are now ready to prove Lemma 14:

» Lemma 14. Consider s € R; with deg(y, ps) > 0, and the set G := {sr € R;41 :r € Z}.

Then, (i) @s is equivalent to \/ .. or, and (ii) deg(y, ps) > deg(y, ) for every r € G.
Proof. The (i + 1)-th iteration of the while loop in lines 7-17 picks a constraint (n ~ 0)

from ¢4 and divides it using Lemma 37. Since this lemma works with strict inequalities,

if the symbol ~ is the non-strict inequality sign <, in line 8 we transform (n < 0) into an
equivalent formula (n — 1 < 0). We further assume that, in this case,  has been replaced
with n — 1, and we work with the strict inequality (n < 0).

By Lemma 36, every constraint (n ~ 0), which has an occurrence of a variable from y

with a non-integer coefficient, has the form (6), where now the symbol ~ is from {=, <}.

The term 7 is represented as

n=mnt+p, where ' =o(y)+ Uk(fl)J and o' = ply) + (H:)J mod 1)

Notice that the term p’ is exactly the term assigned to the variable p in line 10 of Algorithm 4.

This term is a sum of a linear polynomial with integer coefficients p(y) and a linear occurrence
of the integer remainder function with coefficient 1. Therefore, we can compute ||p’||; and
obtain that p’ € [t- (= p’[l1), t- ||p]l1]. Indeed, every variable from y and the summand with
linear occurrence of (- mod t) belong to the segment [0,¢ — 1]. With these bounds on p’, we
can apply Lemma 37 to the constraints (n' -t + p’ = 0) and (1’ - t + p’ < 0) for the integers
C = (—||p'||1) and D = ||p||1. This gives us two equivalences

- t+p =0 \/ (n' +r=0) A(t-r=p) (9)
re[=llo'l11. 1o’ l11]

W -t+p<0) =\ (+r+1<0)A{t-r<p) A <t (r+1). (10)
rel=llp 11 llo'11] Y

In the second equivalence, the strict inequality (’ + r < 0) originated from (b) is replaced
with the equivalent non-strict one (" + r + 1 < 0). This replacement is done in Algorithm 4
by line 16 and does not affect the formula ~, which is defined above, in line 15.

Since g is a positive Boolean combination of atomic formulae, the logical equivalences
(V1 Vo) Nps <= (1 Ath3) V (Y2 Atpg) and (Y1 V h2) V ihs <= (1 V P3) V (2 V 13)
together with Equations (9) and (10) give us the equivalence

ps = \/ Psr- (11)
€=l lls, 1ol
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The formula g, is the result of replacement of the constraint (7 ~ 0) with the conjunction
on the right-hand side of Equation (9) if the symbol ~ is =, and with the conjunction on
the right-hand side of Equation (10) if ~ is the strict inequality sign <. The formula s, is
assigned to ¢ in line 17, and this finishes the (i 4+ 1)-th iteration of the while loop.

Line 11 guesses an integer r in [—||0'||1, ||¢'||l1], and thus G = {sr : 7 € [—||o'|l1, —¢'I1]},
and Equation (11) imply Item (i). To prove Item (ii), observe that

deg(y, psr) = deg(y, ps) — deg(y,n ~ 0) + deg(y,n" ~ 0) + deg(y, )
= deg(ya <)03) - deg(y7 ot~ 0) + deg(yva' ~ 0) = deg(y7 QDS) -1

Indeed, the constraints from « have degree 0 and deg(6 + 7 ~ 0) = deg(d ~ 0) for every
PrA[t] term 7 not featuring variables from y. Thus, Lemma 14 is proved. <

Let us now inductively apply Lemma 14 to show that the while loop performs at most
deg(y, pg) iterations, and that the disjunction, across non-deterministic branches, over all
formulae ¢, obtained at the end of this loop is equivalent to ¢g-.

» Lemma 38. The while loop of line 7 performs at most deg(y, vz) iterations.
Proof. Directly from Item (ii) of Lemma 14. <
» Lemma 39. Let R. = {s € R; :i € N,deg(y,ps) = 0}. We have pg <= \/ ,cp ¥s-

Proof. Let us define a set R\ := {s € R;:jeN, and deg(y,ps) =0ori = j}, and an
non-negative integer m = deg(y, ). By induction on i from m to 0, we prove the following
equivalence: \/ . ¢s <= Vcp. ps. The statement then follows from R = {o}.

For the base case i = m, directly from Lemma 38 we have R,(km) = R,. For the induction
step, assume that \/SGR(i+1) s <= \4ep, s (induction hypothesis), and let r € R;. If

we have deg(y, ¢r) = 0, then the sequence r is also in the set RUTY | Else deg(y, ¢r) > 0,
and by Item (i) of Lemma 14 we have ¢, <= \/geG g, where G :={rg € Ri11 : g € Z}.

Since G C RSjH), we conclude that vseR(” s = VseR("“) s, which together with the
induction hypothesis concludes the proof. |

B.3 Correctness of ElimBounded (proof of Lemma 15)

We can now complete the proof of Lemma 15. By Lemma 38, the while loop does at most
deg(y, po) iterations, and Lemma 39 implies that ¢y is equivalent to VT‘GR* ©r, where
R. :={s € R;:i€N,deg(y, ps) = 0}. Every constraint in this disjunction as the form

N
f(t) +T(Z)+Zai Y ~ 0,
i=1

where y = (y1,...,yn), the coefficients ay,...,ay are in Z, f is in Z[t], 7(z) is a non-shifted
PrAft] term, and the symbol ~ is, as usual, from the set {=, <}. Recall that N = #w - M,
because every variable y; is a t-digit of a variable w € w from the input formula. We now see
that the variables y can be eliminated from Jy : ¢, via any quantifier elimination procedure
for PrA. In order to perform this step efficiently, we call BOUNDEDQE in line 22.
Formally, BOUNDEDQE works with positive Boolean combinations of linear constraints
with coefficients in Z[t], and it is necessary to replace each term 7(z) with a fresh variable.
These replacements are performed by lines 18-21; let us call ¢ (y, z’) the resulting formula.
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The map S collects the key-value pairs (z/, 7(z)) in order to restore the terms with the variables
z after elimination of y from ;.. This, in particular, means that ¢, = @L[[S(2') /2] : 2’ € 2].
By Lemmas 9 and 10, the result of application of the non-deterministic procedure
BoOUNDEDQE to 3y : ¢,.(y, 2’) is a bounded formula 3w} < Bj : 5(wj, z’), where for every
variable w € wj, the bound Bj(w) is a non-negative integer, and we have the equivalence

Jy: @, (y,2) < \/ Fwj < Bj:hs(w),2), (12)
de A,

where the set A, is the union over all non-deterministic branches of BOUNDEDQE. Since
this algorithm only produces a bounded existential formula, to eliminate every bounded
variable w € w5 we guess an integer g from the segment [0, B5(w)] and replace w with g
in 1s. This is done by lines 23-25. Let us gather all the substitutions [¢g /w] from line 25
together and denote by g the corresponding sequence of substitutions. The set of all possible
values of g for the formula s will be denoted by Gj.

Proof of Lemma 15. Let us define the set B as the union of all sequences (r,d,g), where
the sequence 7 is from R,, § is in A,., and g € Gs. For every sequence § = (r,d,g) € B,
denote by 1j(2’) the result of application of the substitutions g to the formula s (wyg, 2”).
We obtain the following chain of equivalences:

Jw < B: p(w, z)

<— Fy: ey, 2) Lemma 12
<— Jy: \/ or(y, 2) Lemma 39
€ R,

=\ (Bu:¢.(y,2))[S] or = ¢p[S] for § ={[S(x) /2] : 2" € 2’}
T € Ry

— \/ \/ (Fwj < Bj : ¢ps(wh, 2))[S] Equation (12)
rcR, €A,

= \/ V5(2")[S] by definition of B
BeB

= \/ Yg(z). where 3(z) == wg(z’)[S’}
seB

Hence, we have obtained the desired equivalence from the specification of Algorithm 4. <«

Before moving to the complexity of ELIMBOUNDED, let us establish Lemma 16.

» Lemma 16. In cvery output of ELIMBOUNDED, all functions {F’J and (- mod f(t)) are
applied to non-shifted terms. In divisibility relations (f(t) | -), the divisor f(t) is an integer.

Proof. The first statement follows from the fact that, in line 9, ELIMBOUNDED splits the
term 1 as (o(y)-t+p(y)+7(2)), where p does not contain ¢, and 7 is non-shifted. All functions
introduced by the algorithm are applied to these terms 7(z). Following the specification
of ELIMBOUNDED, occurrences of functions that comes instead from the input formula are
of the form (7/(z) mod f(t)), where 7’ is again linear and non-shifted.

For the second statement, observe that the input of ELIMBOUNDED does not contain any
divisibility constraint, and only BOUNDEDQE adds these constraints. From Lemma 10, the
divisibility constraints added are of the form (d | -), where d is an integer. <
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B.4 Complexity of ElimBounded

We now proceed to the complexity analysis, which uses the parameters of formulae defined
in Appendix A.3.

» Lemma 40. Let 3w < B : p(w, z) be a formula in input of ELIMBOUNDED, where ¢ is a
positive Boolean combination of linear (in)equalities with coefficients in Z[t] and constraints
o(w)+(7(z) mod f(t)) =0, with o linear, and T linear and non-shifted. Let w = (x1,...,%y)
and z = (Tny1,...,%4), where n > 1. Then, for every branch output (z) of the algorithm,
the following holds:

atom(¢) <a atom(yp)) <2"-a-n-c-(B)
if < func(p) <1 then < func(y)) <2"-a-n-c-(B)
(const)(p) <c¢ {const)(p) < (21 -a-n?-c3 - (B)*)16

Proof. The same as in the proof of Lemma 34, we consider each parameter separately:

Bound on atom(t)): In the first line of ELIMBOUNDED, the bounds on the variables w, i.e.,
2 inequalities for each of the n variables, are explicitly added to the formula. Then, in
line 6, we add 2 - ((B) + 1) inequalities for every w € w specifying that the variables
introduced by line 5 are t-digits. The same as in Section 5, let us denote by ¢z the
formula obtainded from ¢ after the execution of the foreach loop in line 4. We see that

atom(pg) <a+2-n+2-n-((B)+1)=a+2-n-((B)+2).

By Lemma 38, the while loop in line 7 performs at most deg(y, p) iterations. Observe
that for every variable from y, its coefficent f(t) is such that deg(f) < (B) + (const)(¢)
(see line 6, where the coefficients of the newly introduced variables are equal to a coefficient
of = multiplied by t* for k € [0, (B)].) Since ¢y have at most (a+2-n) constraints where
the variables y can have non-integer coefficients, i.e., the constraints of ¢ and those added
by line 1, we conclude that deg(y, o) < (a+2-n)- ((B) +¢).

Every iteration of the while loop replaces one constraint with either two (lines 13 and 17)
or three constraints (lines 15 and 17). Here and in the following, ¢’ will be the formula
obtained by the end of execution of this loop. We see that

atom(¢’)<a+2-n-((B)+2)+3-(a+2-n)-((B)+c)
<a+6-n-(B)+18-a-n-(B)-c
<2°.a-n-c-(B)

Lines 19-21 and 23-25 does not change the number of atomic formulae, and in order to
obtain the bounds on atom(v) it remains to apply Lemma 34:

(#y + atom(y)) + 1

<2
<2-(m-((BY+1)+2°-a-n-c-(B)+1)
<2"-a-n-c-(B).

atom())

Bound on func(v): To estimate the number of occurrences of | 77| and (- mod f(t)) in each
atomic formula of v, consider lines 10 and 17. By Lemma 36, the term 7 in line 9
contains at most one occurrence of | 77| and at most one occurrence of (- mod f(t)).
Hence, every constraint of the formula « (see lines 10, 13, and 15) has at most at most 2
occurrences of (- mod f(t)) and at most 1 occurrence of | 17 |. These constraints have only
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integer coefficients of the variables in y and will not be taken into account by the next
iterations of the while loop. Line 17 only changes the power of the parameter ¢ in the

denominator (rewriting L L;J J as L T J) and does not change the number of occurrences
of (- mod f(t)) and || in the constraint (1 ~ 0), which was replaced. For the formula

¢’ (obtained by the end of execution of the while loop), we see that func(¢’) < 3.

Lines 19-21 introduce at most atom(y’) new variables z’, and for every z’ € 2/, the term
S(z') has at most 3 occurrences of (- mod f(t)) and |;7]. The variables z’ will occur in
linear constraints with integer coefficients 1)’ (w’, 2’) produced by the non-deterministic
procedure BOUNDEDQE in line 22. Therefore, after the replacement in 1)’ all the variables
z' € 2z’ with S(2’) in line 26, we obtain the bounds

func(y) < func(e') - atom(¢’) <27 -a-n-c- (B).

Bound on (const)(20): The value of {const) for the formulae added to ¢ in line 1 is clearly
bounded by (B). After the replacement of w in line 6, the coefficients of the variables y
are at most max{(f(t)-tB?) : f(t) is a coefficient of w € w}. Before we continue, let us
observe that
» Remark 41. For any two polynomials p;,ps € Z[t] we have (p1 - p2) < (p1) - (p2).

This follows from the following sequence of inequalities:

(p1 - p2) < (deg(p1) + deg(p2) +1) - ([logy(h(p1) - h(p2) + 1)1 +1)
< (deg(p1) + deg(p2) + 1) - ([logy (h(p1) + )Prﬂogg( (p2) + DT +1)
< (deg(p1) +1) - (deg(p2) +1) - ([logy (h(p1) + 1) + 1) - ([logy(h(p2) + 1] + 1)
< (p1) - (p2)-

Therefore, we have
(const) (pz) < max{ec, (B),c- PN, (t—1)} <c¢-((B)+1)-2<4-c-(B),

where, as before, ¢z is the formula obtainded from ¢ after the execution of the foreach
loop in line 4. Let us now consider the constants of the formula ¢’.

It is sufficient to estimate the size of the polynomials in the constraints introduced for an
inequality (n < 0), which is affected by line 17 at most K := (B) + ¢ times. Since the term
7(2) is non-shifted, at every (k4 1)-th iteration of the while loop the constant term of 7
goes to the linear term with integer coefficients pgy1(y), which is the sum of the coefficient
pr(y) of t* in o(y), and of the integer r, guessed in line 11 during the k-th iteration
(see line 17). Here, we assume that ro = 0. It is clear that ||pr+1|l1 < ||p}]l1 + |7%| and,
moreover, that for every k € [0, K — 1] we have

(lokll) < ((#y +1)) - (const)(po) < n-((B)+1)-4-c-(B) < 2°-n-c-(B).

The integer 7 is guessed in line 11 from the segment [—||pkll1 — 1, ||ox|l1 + 1] (see the
previous line 10 for the '+1’). Therefore, by the end of the execution of the loop, we
obtain

(loxcll) < Allpk—alls + Ire—al)

(lpx -1l + llpx-ally + 1)

(P -1l + 1Pk ol + Ir—2| +1) <

(K - max{||ppll : k € [0, K — 1]} + |7“o| +( - 1))
(

(BY+¢)- (2> m-c-(B?+1) < 2°-n-c% (B>

IN AN IAN N IA
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We can now upper-bound (const)(¢’), where, again, ¢’ is the formula obtained by the
end of execution of the loop. The linear constraints introduced by lines 13 and 15
have coefficients bounded by ||px (|1 + 2; the coefficients of the term ¢ are now integers
bounded the same as ||p}||1 for any k € [0, K], and thus are bounded by ||px||1. The
coefficients of the variables z in 7(z) does not change, i.e., their bit size is at most
(const)(pg); the denominator of the term LTt(;)J is the polynomial ¥ and, by definition,
Ky =(K+1)-(14+1) <4-K < {|px]l1). Summarising,

(const)(¢') < {lpxlh +2) <27 -n- - (B)*.

Lines 19-21 replace the PrA[t] terms with z with new variables 2, which will be restored
in the formula in line 26. For this reason, we first consider the bounds on the bit size
of integer coefficients of 2’ in the output Jw’ < B’ : ¢/'(w’, 2’) of the non-deterministc
procedure BOUNDEDQE. Applying the bounds from Lemma 34, we obtain

(const) (') < (#y + atom(¢"))* - (const)(¢")*
< (- ((B)+1)+2°a-n-c (B))*(const)(¢)’
< (2% a-n-c-(B)-2"-n-c-(B)>3)?
< (213. . 2 3 <B>4)

The size of the vector of variables w’ is equal to #vy, and every constraint of 1)’ is a linear
(in)equality or divisibility with integer coefficients. Denote by " (z’) the result of the
replacements performed by lines 23-25. Using the bounds from Lemma 34 on the bit size
of B'(w’") for the variables w’ € w’, the constants of ¢ are such that

(const) (V") < (#y +1) - {const)(V') - ((Fy + atom(¢")™ - (const)(¢')")
< 2 (const) () - #y - (#y + atom())' - (const) (¢')°
< 2 (const)(¥') - (2-n- (B))?- (2°-a-n-c(B)'- (2" n- - (B)*)°
= (const)(y') - 2131 -all -n3%. 2. (B)*°
< 29 (a-n?- 3 (BYH .21l gl 32 . 29 ()50

2170 A a14 . TL38 ~CSS . <B>62
< (211 -a- nS A C3 . <B>4)16.

It remains to observe that the replacements of line 26 transforms ¢ (2’) into ¥ (z), where
the constants have the desired bounds:

(const)(v) < max{(const) ("), (const) (') - (const)(¢")}
< max{(const)(®"), (23 -a-n?- - (BY)3-27.n. % (B)%}
= (const)(¢") < (2" -a-n® .3 (B)1)1O. <

C Complexity of ElimDiv and PrA[t]-QE

To prove Lemma 19, which describes the complexity of Algorithm 1 (PrA[t]-QE), we first
formally prove correctness of Algorithm 2 (ELIMD1V) together with an analog of Lemmas 34
and 40 for this algorithm (see Lemma 42 below). Combining bounds from Lemmas 34, 40,
and 42, we obtain the desired result.
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C.1 Correctness and complexity of ElimDiv

An informal description of the procedure ELIMDIV is given in Section 3: every linear
divisibility in the input formula is transformed into an equality by means of a bounded
existential quantifier. Below we formalize the correctness of the transformation:

» Lemma 6. Algorithm 2 (ELIMDIV) complies with its specification.

Proof. It is sufficient to prove that the divisibility f(¢) | o(w) 4+ 7(z), which is picked from
the input formula v, is equivalent to either Jy : f(¢) - y + o(w) + (7 mod f(¢)) = 0 or
Jy : (—f(t) -y + o(w) + (7 mod f(t)) = 0) for a variable y € [0,t%], where d is a positive
integer defined in line 3.

The direction from right to left is obvious. For the converse direction, notice that if there
is no upper bound on the value of the non-negative integer variable y, then the replacement
directly follows from the definition of the integer divisibility predicate. The sign of the
coefficent of y corresponds to the sign of the integer M: when it is positive, line 5
should take ’—’, and vice versa. Let us show that the bitlength of this integer is less than
(t?) =2 (d + 1), and this will justify the bound y € [0,t?] introduced in line 4. Recall that
we represent the linear PrA[t] term o as fo(t) + > fi(t) - w;, where w = (wq,...,w,) is a
vector of variables bounded by the map B, and d is defined as

d= (n+3) - max{(f), (fo), (fi) - (Blwy)) :i € [Ln]}.

Using Remark 41, we obtain

o+ (r mod f(t)) "

(=@ ) S (ot (rmod f(1) < +;fz B(wi) + /(1)
< {n+2) - max{(£), (fo), (f; - B(wy) :i € [L.n]}
< (Togg(n-+.31 +1)-moxd ) ) 2 - (B <1 € 1)
< d < (t). <

We now move to the complexity of the procedure.

» Lemma 42. Let 3w < B : ¢(w,z) be a formula in input of ELIMDIV, where w =
(T1,...,2n), 2 = (Tny1,...,24) withn > 1 and ¢ is a positive Boolean combination of
linear constraints. Then, for every branch output Jw’ < B’ : ¢'(w', z) of the algorithm, the
following holds:

atom(v)  <a atom(v')  <a
] vars(y) =g vars(y') <g+a
if then
func(e) =0 func(y") <1
(consty(v) <c (const)(¢'") < e

Moreover, the vector w' contains vars(y)') +n — g variables, and (B'Y <2-(n+4)-c-(B).

Proof. The bounds on the parameters atom, vars, func, and (const) are trivial. They are
obtained by inspecting the lines of the pseudocode of Algorithm 2. The number of constraints
does not change: line 6 replaces a linear divisibility with an equality with a single occurrence
of the function (- mod f(t)). Also notice that the polynomial coefficients occurring in this

new equality are already present in the input formula v, and thus (const) (1)) = (const)(y)’).

Finally, since the foreach loop has at most atorn(v)) iterations, line 4 introduces at most a
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new variables, each of which is added to the list of bounded variables w’. It is clear that
#w' = (vars(y)') — #z) = vars(y’) +n —g.

To upper-bound the bitlength of B’(w’) for the newly introduced variables w’ € w’,
consider lines 3 and 4. Let (B’) := max{(B’(w')) : w’ € w'}, then we see that

(B'Y < max{(B), (t(7’+3)'c'<3>>} <max{(B),2-(n+4)-¢c-(B)}=2-(n+4)-c-(B). «

C.2 Complexity of PrA[t|-QE

The main Algorithm 1 (PrA[¢]-QE) calls Algorithms 2-4, and the bounds from Lemmas 34,
40, and 42 will give us the upper bounds on the values of the four parameters from these
lemmas. The next lemma essentially proves Lemma 19 from Section 6.

» Lemma 43. Let 3x : p(x, z) be a formula in input of PRA[t]-QE, where ¢ is a positive
Boolean combination of PrA[t] constraints. Let x = (z1,...,2,) and z = (Tpi1,...,24),
where n > 1, then for every branch output ¥ (z) of the algorithm, the following holds:

atom(y))  <a atom(y)) <25 (n+d+4)-(a+n+3-d)'°-cd
if q func(v) <d then < func(v) <. (n+d+4)-(a+n+3-d)'
(const)(¥) <c (consth()) < (20 (n+d+4)-(a+n+3-d)'5. %)%

Proof. The two while loops in the pre-processing part remove all functions from the input
formula. Denote by Jwy : po(wo, z) the result of this step. These loops together perform
d iterations, and add at most 2 new constraints to the formula (see line 3, line 7 and
line 11). Therefore, atom(pg) < a + 2 - d. Next, these loops also introduce at most one
variable during each iteration: vars(pg) < g+ d. It is easy to see that func(¢g) = 0 and
(const) (o) = (const)(yp). Finally, the bounds introduced by line 10 (denote the corresponding
map by By) can be bounded as follows: (By) <2-c.

We are now going to apply the bounds constructed by Lemmas 34, 40, and 42 sequentially
to the quintuple (atom(pg), vars(vo), func(po), (const)(po), (Bo)) = (a+2-d, g+d, 0, ¢, 2-¢).
Moreover, we know that #wq < n + d.

BoundedQE: Applying Lemma 40, we obtain that every branch output of BOUNDEDQE on
input ¢ will have at most 2- (n+d+a+2-d)+1<2-(a+n+3-d)+1 atomic formulae.

It is now easy to obtain the bounds on parameters for every formula Jw; < By : ¢ (w1, 2)

given on input of algorithm ErLiMDIv:

atom(p1) <2-(a+n+3-d)+1
vars(e1) <g+d=(n+d) ++#=
func(pr) <0

{const)(p1) < (a+n+3-d)3-c3
(By) <(a+n+3-d)

because the bound on (Bj), which is the union of By and the map B from the output of
BOUNDEDQE is such that (By) < max{(a+n+3-d)!'-c (Bo)} = (a+n+3-d)t -
Lemma 40 also says that #w; = #wg < n +d.

ElimDiv: According to Lemma 42, algorithm ELIMBOUNDED will get a bounded formula
Jwy < By : wo(ws, z) with the same values of the parameters atom and (const) as
in formula ;. It is easy to derive the bounds for vars(yps) < vars(yp1) + atom(pr) <
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g+d+2-(a+n+3-d)+1<3-(a+n+3-d)+ #z and func(ps) < 1. The bit size of
the bounds is such that

(By) <2-(n+d+4)-(a+n+3-d*- & (a+n+3-)" &
<2-(n+d+4)-(a+n+3-d)- 2

To sum up, #wy < 3-(a+n+ 3-d) and we have

atom(p2)  <2-(a+n+3-d)+1

vars(pz) <3-(a+n+3-d)+#=

func(p2) <1

(const)(pa) < (a+n+3-d)3-c3

(Ba) <2-(n+d+4)-(a+n+3-d). 2

ElimBounded: We are now going to apply Lemma 40 to the formula Jwy < Bs : pa(w2, 2).
Bound on atom(t)):

atom(y) < atom(ps)-3-(a+n+3-d)
2-(a+n+3-d)+1)-3-(
9-(a+n+3-d)°-c® (B)
9-(a+n+3-d)°--2-(n+d+4)-(a+n+3-d)*- c?
2. (n+d+4)-(a+n+3-d)- .

(a+n+3-d)> - (By)
a+n+3-d)* - (By)

IN AN IACIA

Bound on func(t)): the same as atom(v)) above.
Bound on (const)(1):

func(p) < (2" - atom(ps) - 3+ (a+n+3-d)* - *)*- <B2>4)16
< (@2M 2 (@a+n+3-d+1)- 3 (@+n+3-d)* )3 (B
< (218.<a+n+3.d)13.09.<B2>4)16
< (2% (a+n+3-d)P- P2t (n+d+4)* (a+n+3-d). )"
_ (222.(n+d_~_4)4.(a+n+3_d)69_c57)16
< (26~(n+d—|—4)~(a+n+3-d)18-615)64. <

Proof of Lemma 19. As for Lemma 35, following the proof of Lemma 43, we now know

that all object constructed by PrA[t]-QE during its execution are of polynomial bit size.

It is then simple to deduce that the algorithm runs in non-deterministic polynomial time;
it suffices to check the number of iterations of the various loops, and the sets used for the
various guesses performed by the algorithm.

In Lines 1-11, the number of iterations in both while loops is bounded by the size of
the input formula ¢, and guesses (lines 6 and 9) are all on a 2-element domain (for the
non-deterministic branches).

We already know from Lemma 35 that the computation performed by BOUNDEDQE
takes non-deterministic polynomial time. Since its output has size polynomial in the input
formula ¢, the foreach loop in algorithm ELIMDIV also performs only polynomially many
iterations; all guesses are again on a 2-element domain (line 5).

Going into ELIMBOUNDED, the loop in line 4 only executes #w times, adding at most
#w - (B) variables y overall (a polynomial amount). Let ¢z be the formula obtained after
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these lines. The y-degree deg(y, ) is polynomial in the input formula ¢. By Lemma 14,
the while loop of line 7 only iterates a polynomial amount of times. Following Lemma 40,
the guesses performed in line 11 are over an interval of numbers having all polynomial bit
size. After the foreach loop of line 19 (whose number of iterations is, again, polynomial),
the algorithm calls again BOUNDEDQE, which returns an output in (non-deterministic)
polynomial time. In this output, all elements in the range of the map B’ are integers of
polynomial bit size. Then, in the foreach loop of line 23 (executing polynomially many
times) all guesses are over a range of polynomial-size integers. <
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